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Excepto si se señala otra cosa, la licencia del ítem se describe como openAccess 
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0! 1$ &23%$,& 'ox( 4 &56&# %!#$# gp '76&1+
5& 1$0! 6$!

89,(:
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+$61& !0 #8%+8$,5$ -&1$0&$#5$*+8&-@568
&A
[f ] + γox [ox] → γog [og] 'B:C( &
!0-$,5$ $0 $#7!
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 !"! #$$%&'( )% *+,%, - 
(/0(1%12%,  3 !"! #$$%&'( )% *+,%, - 
(/0(1%12%, !"! #!
%&%'!" (& )!*(+, -( &!. /!"%!0&(. (* &! .1.'%'1
%2* -( &!. (
1!
%,*(. -( 0!&!*
( .( 3!*%)4&()(*'!-, &!. .%51%(*'(. '!0&!. 4+$+ '+ /+,+5+,%, 6(/0(1%12%, 4$(07%)+)%, 4$(07%)+)%, 58%12%, 5'89(,:α; :i; <=2%1,7>+, ?12%1,7>+,@A'7)+ :s; 6,
! 7r8 M(r,s) (t) ΨM
r = (1− φ) ρ(r,s) g(r,s) gΣ(r,s) ~τ(r,s)9,)01.'%0&( 7f 8 M(f,s) (t) ΨM

f = ρ(f,s) g(f,s) gΣ(f,s) ~τ(f,s)B+, :g; :;<5(*, 7ox8 M(ox,g) (t) ΨM
ox = φY ρg g(ox,g) gΣ(ox,g) ~τ(ox,g):'",. 5!.(. 7og8 M(og,g) (t) ΨM

og = φ (1− Y ) ρg g(og,g) gΣ(og,g) ~τ(og,g)91!-", =>?@ A""(5&, -( #!.(. B 
,)4,*(*'(. 4!"! &! )!.!4+$+ '+ %1%$&C+5+,%, 4$(07%)+)%, 4$(07%)+)%, 58%12%, 5'89(,:α; <=2%1,7>+, ?12%1,7>+,@A'7)+ :s; Es (t) ΨE
s = (1− φ) ρses Γs ΓΣs

~ΠsB+, :g; Eg (t) ΨE
g = φρgeg Γg ΓΣg

~Πg91!-", =>C@ A""(5&, -( #!.(. B 
,)4,*(*'(. 4!"! &! (*("5<!D(2+
7A1E
α D "(4"(.(*'! &! #!.( (α = s, g)

i D "(4"(.(*'! &! 
,)4,*(*'( 7i = r, f, ox, og8
M(β,α) D )!.! -( &! 
,)4,*(*'( i (* &! #!.( α
Eα D (*("5<! -( &! #!.( α
φ D 4,",.%-!- -(& )(-%, 4,",.,
ρ(i,α) D -(*.%-!- -( )!.! -( &! 
,)4,*(*'( i (* &! #!.( α
ρα D -(*.%-!- -( )!.! -( &! #!.( α
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%&
'()*+ ,* -&.&)
* ,*. +'+/*0&  1
eα  !"!#$%& '"(!#"& )*# +"',&, ,! -&.& ,! /& 0&.! α

g(i,α)  (1#-'"* 0+!"(! ,! /& -&.& ,! /& 
*-)*"!"(! i !" /& 0&.! α

gΣ(i,α)  (1#-'"* 0+!"(! ,! /& -&.& !" Σ ,! /& 
*-)*"!"(! i !" /& 0&.! α

~τ(i,α)  (1#-'"* ,! 3+4* ,! -&.& ,! /& 
*-)*"!"(! i !" /& 0&.! α

Γα  (1#-'"* 0+!"(! ,! /& !"!#$%& )&#& /& 0&.! α

ΓΣα  (1#-'"* 0+!"(! ,! /& !"!#$%& !" Σ )&#& /& 0&.! α

~Πα  (1#-'"* ,! 3+4* ,! !"!#$& )&#& /& 0&.! α

Y  5#&

'6" ,! -&.& ,!/ *7%$!"*8 !"! #
%&
'()*+ ,* -&.&)
* ,*. +'+/*0&#
%&
'()*+ ,* -&.&)
* ,* 0&+& *) 
&,& 2&+*9" !.(& .!

'6" ,!#':&#!-*. /& !
+&
'*"!. ,! ;&/&"
! ,! -&.& ,! 
&,& 0&.!8 9/ -&.&)
* ,*0&+& ,! /& 
(03()*)/* 4(
& !" /& 2&+* +5.',& !.
M(r,s) (t) =

∫

B(t)
(1− φ) ρ(r,s)d~x <=8>?,*",! φ !. /& )*#*.',&, ,!/ -!,'* @ ρ(r,s) !. /& ,!".',&, )#*-!,'* ,! /& #*
&A& !
+&
'6" ,! ;&/&"
! $/*;&/ ,! /& -&.& .! *;('!"! ,! /& !
+&
'6" < B8>C? @ D&
'!",* +.* ,!/& (&;/& < =8E?

d

dt
M(r,s) (t) =

∫

B(t)
g(r,s)(~x, t)d~x+

∫

∂B(t)
~τ(r,s)(~x, t) · ~nd~x+

∫

Σ(t)
gΣ(r, s)d~x <=8B?F! !.(& -&"!#&G /&. !
+&
'*"!. ,! ;&/&"
! /*
&/ ,! /& #*
& !" 0&.! .6/',& .*"

∂
(

(1− φ) ρ(r,s)

)

∂t
+∇ ·

(

(1− φ) ρ(r,s)~vs

)

= g(r,s) +∇ · ~τ(r,s) <=8=?H )&#& /& ,'.
*"('"+',&, +.&",* /& !
+&
'6" < B8>I? @ D&
'!",* +.* ,! /& (&;/& < =8E? (!"!-*.
[[

(1− φ) ρ(r,s) (~vs − ~vΣ)
]]

· ~n = gΣ(r,s); <=8J?
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~vs ≡ 0$ ~τ(r,s) ≡ 0$ g(r,s) = 0$ gΣ(r, s) ≡ 056!" #&-)& 
!" '
'!"#&$ ,)& #
+)
'!"#&  # 7),)"
# ,!
), &# (# +
#" )4
φ
∂ρ(r,s)

∂t
= 0 895:;1 <)() ,) #
+)
'3"  # &),-! !7-#"#=!&

(1− φ)~vΣ
[[

ρ(r,s)
]]

· ~nΣ = 0; 895>;
ρ(r,s) = constante 895?;

@' ,)  #"&' ) #& 
!"&-)"-#$ "! 0)1 &),-! #" ,) (!
) #"-!"
#&
[[

ρ(r,s)
]]

= 0. 895A;B,  !"!#
% &% '!(!  # ,) 
)'*)#%#+% 
)' ,(+- "%  # ,) .!(% (/"-&! #&
M(f,s) (t) =

∫

B(t)
ρ(f,s)d~x 895CD; !" # ρ(f,s) #& ,)  #"&' )  # =)&)  #, 
!=7+&-'7,# #" 2)&# &3,' ) <!( #, E!,+=#" -!-),5F) #
+)
'3"  # 7),)"
# G,!7),$ !7-#"' )  # ,) #
+)
'3" 8 H5I:; 1 0)
'#" ! +&!  # ,) -)7,)8 95C; #&

d

dt
M(f,s) (t) =

∫

B(t)
g(f,s)(~x, t)d~x+

∫

∂B(t)
~τ(f,s)(~x, t) · ~nd~x+

∫

Σ(t)
gΣ(f, s)d~x 895CC;J# )*+K !7-#"#=!& *+# ,)& #
+)
'!"#&  # 7),)"
# ,!
), &!"
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∂
(

ρ(f,s)
)

∂t
+∇ ·

(

ρ(f,s)~vs
)

= g(f,s) +∇ · ~τ(f,s)  !"#$%& '()( *( +,-
/01,02,+(+ /314045/- *( 620
,70 +4 -(*1/ '()( 4* 
/532-1,3*4
[[

ρ(f,s) (~vs − ~vΣ)
]]

· ~nΣ = gΣ(f,s)  !"#$%&'()
~vs ≡ 0, ~τ(f,s) ≡ 0, g(f,s) = W, gΣ(f,s) 6= 0, ρ(f,s) ≡ ρ0(f,s) (1− η)*)+*' ρ(f,s) ', -. *'+,/*.* *' 0.,. *'- 
)023,4/2-' '+ 5.,' ,6-/*. 7)( '- 8)-30'+ 4)4.-9 ρ0(f,s) ',-. *'+,/*.* *' 0.,. /+/
/.- *'- 
)023,4/2-' '+ 5.,' ,6-/*. :

η (~x, t) = 1−
ρ(f,s)

ρ0(f,s)
 !"#!%', -. 5(.

/6+ *' 
)023,4/2-' 
)+,30/*)",3,4/43:'+*) ,' )24/'+'+

∂
(

ρ0(f,s) (1− η)
)

∂t
= W

[[

ρ0(f,s) (1− η)~vΣ

]]

· ~nΣ = gΣ(f,s)

'+4)+
',
−ρ0(f,s)

∂η

∂t
= W  !"#;%: -. '
3.
/6+ *' ,.-4) ',

[[

ρ0(f,s) (1− η)~vΣ

]]

· ~nΣ = gΣ(f,s)  !"#<%
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%&"!'#() *+# #, 
%-.+"/!.,# "# 
%&"+-# 
%-0,#/)-#&/#1 #" '#
!(1 [[η]] = −11 ∂η
∂t

= 01#&/%&
#" (#"+,/) *+#
gΣ(f,s) = −ρ0(f,s)~vΣ · ~nΣ 234567

8, -&.&)
* ,* 0&+& '# ,) 
(03()*)/* (456*)( '# ,) 7&+* 6&+*(+& #"
M(ox,g) (t) =

∫

B(t)
φY ρgd~x 234597'%&'# :)
#-%" +"% '# φ 
%-% 0%(%"!')' '#, -#'!%1 Y (~x, t) ,) ;()

!<& '# -)") '#, %=>?#&% @

ρg (T, pg) ,) '#&"!')' 0(%-#'!% '#, ?)" 
%-% ;+&
!<& '# ,) /#-0#()/+() @ ,) 0(#"!<&48&/%&
#" ,) #
+)
!<& '# .),)&
# ?,%.), #" ,) "!?+!#&/#
d

dt
M(ox,g) (t) =

∫

B(t)
g(ox,g)(~x, t)d~x +

∫

∂B(t)
~τ(ox,g)(~x, t) · ~nd~x+

∫

Σ(t)
gΣ(ox,g)d~x 2345A7B# #"/) -)&#() +")&'% ,) #
+)
!<& 2 C4DE7 @ ,) /).,) 2 3457 %./#&#-%" ,) #
+)
!%& '# .),)&
#,%
),F

∂ (φY ρg)

∂t
+∇ · (Y ρg~ug) = g(ox,g) +∇ · ~τ(ox,g) 234DG7H ,) #
+)
!<& '# "),/% 0)() ,) '!"
%&/!&+!')' '# ,) 
%-0%&#&/# %=!?#&% #"

[[

φY ρg (~vg − ~vΣ)−D(ox,g)∇ (Y ρg)
]]

· ~nΣ = gΣ(ox,g) 234D57'%&'# "# 
%&"!'#() ,% "!?+!#&/#
~ug ≡ φ~vg *+# #" ,) I#,%
!')' '# B)(
@
~τ(ox,g) ≡ D(ox,g)∇ (Y ρg) #" ,) ,#@ '# J!
K
D(ox,g) #, 
%#L
!#&/# '# '!;+"!<& #;#
/!I% '#, %=>?#&% #& ,) ;)"# ?)"#%")
g(ox,g) = 0 gΣ(ox,g) = −µoxρ

0
(f,s)~vΣ · ~nΣ #, "!?&% &#?)/!I% !&'!
) *+# #, %=>?#&% "# 
%&"+-#
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µox ≡ γox

Mox

Mf
 !  " 
$ %
& '(  !( )*&$+,(-&
$ . " $/01 '$ 2 !3.$ 
$' - !2 
($ 3 "3 +3!345'($'
 !6 ! $7(& ' "3  
*3
&8' . 73"3'
 . +3!3 . " $/01 '$

φ
∂ (Y ρg)

∂t
+∇ · (Y ρg~ug) = ∇ ·

(

D(ox,g)ρg∇Y
) 9:4;;<.$'. !  !(= 
$'!&. -3'.$ )* 

∇ (Y ρg) = ρg (∇Y + Y∇ρg�ρg) 9:4;><
? "3  
*3
&8' . !3"($  ! "3 )* !&1* 6  " !&1'$ ' 13(&@$ &'.&
3 )*  " $/01 '$ ! 
$'!*+ 

[[

φY ρg (~vg − ~vΣ)−D(ox,g)∇ (Y ρg)
]]

· ~n = −µoxρ
0
(f,s)~vΣ · ~nΣ 9:4;:<A&'3"+ '( 2- ! '(3+$!  " -&.&)
* ,* 0&+& . "3 
(02()*)/* (/3(+ 4&+*+  ' "3 5&+*4&+*(+&6 2- ! '( !  '  " +$. "$B

M(og,g) (t) =

∫

B(t)
φ (1− Y ) ρgd~x 9:4;C<.$'. φ  ! "3 2$-$!&.3. . " + .&$6 Y (~x, t)  ! "3 D-3

&8' . +3!3 . " $/01 '$ E ρg (T, p)  ! "3. '!&.3. 2-$+ .&$ . " 13!4F3  
*3
&8' . 73"3'
 1"$73"  !

d

dt
M(og,g) (t) =

∫

B(t)
g(og,g)(~x, t)d~x +

∫

∂B(t)
~τ(og,g)(~x, t) · ~nd~x+

∫

Σ(t)
gΣ(og,g)d~x 9:4;G<

E "3!  
*3
&$' ! . 73"3'
 "$
3" !$'
∂{(1− Y )φρg}

∂t
+∇ · {(1− Y ) ρg~ug} = g(og,g) +∇ · ~τ(og,g) 9:4;H<

[[

φ (1− Y ) ρg (~vg − ~vΣ)−D(og,g)∇{(1− Y ) ρg}
]]

· ~nΣ = gΣ(og,g) 9:4;I<
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~ug ≡ φ~vg #$ )( -#)!
& (  # .('
/
~τ(og,g) ≡ D(og,g)∇{(1− Y ) ρg} 
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