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Excepto si se señala otra cosa, la licencia del ítem se describe como openAccess 
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ps = ps (Tsh9 J% '( 2, ',*&2 &' ', "(0C" 02! .,*&"& &' 5"%" &'( 5" '!*"(<

h = e+
P

Jρ
− er +

Pr

Jρr'% *@."( " %. ','!@C" *, '!," 02! .,*&"& &' 5"%" e 5"% '(  $!5*,2 &'( H.K2 &' ','!@C"7.' '% 0!202!*2,"( "( 2*', ' &' (" 0!'%*+, :P > 02! (" &',%*&"& ρ< J( %.6C,&*' r ', '% "



 ! ! "#$&'(')* +,$'- . /-0#/10'- 2# 3- 0&-*$+#&#*'- 2# /-$- . -34& #* /#2'4$(4&4$4$ 56 !"# $%&' ( ')*+ ,'  $*+() ( # - # '%+ ( / $%$* 0+ 1 J  $  /  2,%3+/ '* 0 4'%) ( /+/)#5 !"!$%!% !&'()*! ! "(+,$-. '.,/!./+ C6 7$ /+ #+8&'  '*# /+ +'*%(+( ( +/)#*#+'$- #%() + ,' $%$* 0+9  ' ,' "#) $) ,+/2,% #+ 1  / +0:%) ( * 0" #+*,#+ 2,  !" ;#%0 '*+5 7!")' /+ +'*%(+( ( +/)# 2, $ # 2,% # "+#+ +,0 '*+# ,' <#+() = /$%,$ /+* 0" #+*,#+ ( ,'+ ,'%(+( ( 0+$+9 0% '*#+$ $ 0+'*% ' )'$*+'* /+ "# $%&'5
C =

(

∂h

∂T

)

P> ?)$ ( / ",'*) #@*%)9 /+ +"+%(+( +/)#@A+ ( ,'+ -+$  $ ,'+ -,'%&' (B:%/ ( /+* 0" #+*,#+ 19  '  $ +$)9 $ ", (  !"# $+# /+  ,+%&' "+#+ /+  '*+/"@+ )0)
h = C(T − Tr) !"!$%!% !&'()*! ! 0'&12+. '.,/!./+ CV 6 7$ /+ +'*%(+( ( +/)# 2, $ # 2,% # "+#+ +,0 '*+# ,' <#+() /+ * 0" #+*,#+ ( ,'+ ,'%(+( ( 0+$+ ( 0+* #%+/ + 3)/,0 ')'$*+'* 5
CV =

(

∂e
∂T

)

V( +2,@ $ $%<, 2, 9 -, #+ ( / ",'*) #@*%)9
e = CV (T − Tr) '.%1/$0$%!% /3(2$! λ6 7$ ,'+ "#)"% (+( ( / 0+* #%+/ 2, %'(%+ /+ +'*%(+( ( +/)# *#+'$- #%() + *#+3B$ ( / 0+* #%+/ ")# ,'%(+( ( *% 0") 1 ")# ,'%(+( ( 4# + ( /+$ %&' *#+'$3 #$+/9 ')#0+/ +/ <#+(% '* ( * 0" #+*,#+ ,'%*+#%)9  ' )'(%%)' $ (  $*+() $*+%)'+#%) 1  ' +,$ '%+ ( ,+/2,% # 0)3%0% '*) ( C,%() ) ( "+#*@,/+$5 '+*$+./+ %+ %$41,$-. /3(2$! α6 7$ /+ #+8&' ( )'(,*%3%(+( *B#0%+ + /+ +"+%(+(+/)#@A+ 3)/,0B*#%+5

α =
λ

ρC !&'( &!/+./+ %+ 0!"'($5!$-. Lv6 7$ /+ +'*%(+( ( +/)# '  $+#%+ "+#+ +0:%+# ,'+,'%(+( ( 0+$+ ( /@2,%() + 3+")#9 $%' +0:%+# /+ * 0" #+*,#+5
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gZ

Jgc8+&)* J *" *# *0.(6$#*&'* 2*9&(+ )*# $#+,: Z *" #$ )("'$&($ 2*)()$ +& ,*"3*'+ $#3.&'+ )* ,*7*,*&($ )* .& "("'*2$ )* ++,)*&$)$" *& *# 0.* #$ ++,)*&$)$ z *"'$ +,(*&'$)$*& #$ )(,*(/& 6*,'($#: g *" #$ +&"'$&'* 5,$6('$(+&$# ; gc ,*(-* *# &+2-,* )*  !#$%&%!'(#!($)!* +, $)',%-(.): !"'* 7$'+, '+2$ )("'(&'+" 6$#+,*" &.2<,(+" "*5=& *# "("'*2$)* .&()$)*" *23#*$)+4+*&$,-! (*1/(!  !" #$ *&*,51$ )* .& *#*2*&'+ )* 2$"$ )*-()$ $# 2+6(2(*&'+4 >$,$ .&$.&()$) )* 2$"$: "* $3,+?(2$ 3+,
|u|2

2φ2Jgc8+&)* u *" #$ 2$5&('.) )*# @.A+ 6+#.2<',(+ ; φ *" #$ 3+,+"()$)4 B+&',(-.(+&*" )* #$*&*,51$ (&<'($ "+& .".$#2*&'* 29" 5,$&)*" *,$ )*# 3+C+: )+&)* #$" 6*#+()$)*" )*##10.()+ "+& 2$;+,*"4 >*,+ #$ +&',(-.(/& )* #$ *&*,51$ (&<'($ $# *0.(#(-,(+ )* #$ *&*,51$)* .&$ ,*"*,6$ *": 3$,$ 3,+3/"('+" 3,9'(+": (&"(5&(D$&'*4+*&$,-! /#/!"  !" #$ ".2$ )* #$" +&',(-.(+&*" )* '+)$" #$" 7+,2$" )* *&*,51$4+*&$,-! /#/!" .#$ 2*(%!% %& 3!4! et >$,$ 3,+*"+" )* ,*.3*,$(/& '<,2($ *"'97+,2$)$ 3+, #$ +23+&*&'* *&'9#3($ ; #$ 3+'*&($#: +2+ "(5.*
et = h+

gZ

Jgc !"! #$&'()*+) ,$ -.&'/$.$'(& ,$ &0+.B+&"()*,$,*2+" "+#+ ',*" 2*$&("2+" )* ',$&"7*,*&($ )* $#+, +&).(/&: +&6*(/& ;,$)($(/&4
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uλx = −λ

∂T

∂x
@A;AB.',.# uλx #" $* &*C1, .# *$'& +&*,"?#&0.' %'& ',.)01, #, $* .0&#01, %'"0+06* x %'& ),0.*..# =&#* .# "#01, +&*,"6#&"*$ ,'&2*$ * $* .0&#01, xD λ #" $* ',.)+060.*. +7&20* .#$ 2*+#&0*$: ∂T

∂x
#" $* '2%',#,+# #, $* .0&#01, x .#$ /&*.0#,+# .# +#2%#&*+)&*; !"#$ %#$ #',-*+' !" #$ %&'#"' %'& #$ )*$ "# +&*,"-#&# #,#&/E* %'& #$ 9)4' .# ), 9)0.';!$ 9)4' +'+*$ ut .# #,#&/E* %'& ',6#01, #"+= .*.' %'&

ut = uρ

(

h+
gz

Jgc
+

|u|2

2φ2Jgc

) @A;FB
#, #"+* #G%&#"01,5 u #" #$ 9)4' 6'$)27+&0' .#$ 9)0.' : $* #G%&#"01, #,+&# %*&7,+#"0" #" $* #,#&/E*.#$ "0"+#2* %'& ),0.*. .# 2*"*;!$ 9)4' .# *$'& %'& ',6#01,5 ):* .0&#01, #" %*&*$#$* * $* .#$ 9)4' .#$ 9)0.'5 "# *%&'G02*'2'

ut ≈ uρh ≈ uρC(T − Tr) @A;HB.$!'/0-$-'*! (- !"#$ %#$ $!(*!*+' !" #$ %&'#"' %'& #$ )*$ "# +&*,"-#&# *$'& %'& 2#.0'.# ',.*" #$#+&'2*/,7+0*"5 "0, ,##"0.*. .# ',+*+' ?E"0'; <* $#: .# I+#?*,JK'$+C2*,, #"+*J3$## 8)# ), )#&%' #20+# &*.0*01, +7&20* ")%#&-0*$ %&'%'&0',*$ * $* )*&+* %'+#,0* .# ")+#2%#&*+)&*5 7"+' ,'" %&'%'&0',* $* &*C', .# *$'& &*.0*.' 8)# "# +&*,"-#&# .# ),* ")%#&-0#*$0#,+# %'& ),0.*. .# =&#* .# ")%#&-0#
uτ = σǫ(460 + T )4 @A;LB
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ft2hrR4

 #$ %& !"$(&"(#  # )(#*&"+,!%(-.&""/ T #$ %& (#.0#1&(21& #"31& !$ 4&51#"5#6( 7 ǫ #$ %& #.6$686 &  # %& $20#196#: ;& #.6$686 & #" 1!&$ 0!1!$&$ #$ .270#<2#=&/ 0!1 #$(& 1&->" #% (?1.6"!  # @2A!  # &%!1 0!1 1& 6&6>" "! !"(16B27# & %& (1&"$*#1#"6& # &%!1 #" %!$ 7&6.6#"(!$:C%  !"# $% %&%'()* +#+*, #$ #"(!"#$D
ue,x = uλ,x + uT,x = −λ

∂T

∂x
+ uxρfhf

ue,y = uλ,y + uT,y = −λ
∂T

∂y
+ uyρfhf

ue,z = uλ,z + uT,z = −λ
∂T

∂z
+ uzρf (hf +

gz

Jgc
−459, 67◦F - F 85" %$('+=!85" &' 9+!&5 "5$ %&:$(%5"!8 %$('+=!85 &' 9+!&5 @!A+'$A'%(0
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A% ,.,$":% .,/% /$%.46,$!1% %+ ,+,-,./0 1, 20+#-,. ,. #. ?,$:010 1, /!,-?0 ∆t 4, 08/!,.,4#-%.10 +%4 0./$!8#!0.,4 ?%$%+,+%4 % +04 /$,4 ,>,4 00$1,.%104)



 !"! #$&'()*+) ,$ -.&'/$.$'(& ,$ &0+. 12 !"#$%&!&#(" #&)" *& &#&!+," =(ue,x∆y∆z + ue,y∆x∆z + ue,z∆x∆y)∆t

− [(ue,x +∆ue,x)∆y∆z + (ue,y +∆ue,y)∆x∆z + (ue,z +∆ue,z)∆x∆y]∆t

=− (∆ue,x∆y∆z +∆ue,y∆x∆z +∆ue,z∆x∆y)∆t -./0123" )"$" *& &#&!+," 45& &#)!" *& 6"$ %5&#)&$ 78! 5#(*"* *& 9865:&# $& *&#8)" 78! Q̇/ 3""#)(*"* *& &#&!+," 45& &#)!" *& 6"$ %5&#)&$ "6 &6&:&#)8 (#;#()&$(:"6 *& 9865:&# $& 75&*&&<7!&$"! 8:8 =#&!+," 45& &#)!" *& 6"$ %5&#)&$ = Q̇∆x∆y∆z∆t -./002=# &$)" &<7!&$(># Q̇ &$ 6" !"?># *& &#)!"*" *& &#&!+," *& 6"$ %5&#)&$ 78! 5#(*"* *& 9865:&#@(#65A& 8#)!(B5(8#&$ )"6&$ 8:8 &6 "68! 7!8*5(*8 78! 68$ 78?8$ *& (#A&(># A *& 7!8*5(>#@&6 "68! *& 8:B5$)(># A *& !&"(># A 68$ "68!&$ &#*8)C!:(8$ *& 6" *&$8:78$((># :(#&!"6/ 3"&#&!+," (#)&!#" *&6 &6&:&#)8 *& 9865:&# " 5"645(&! )(&:78 t &$)D *"*" 78! ρe∆x∆y∆z/ E8:8&6 &6&:&#)8 *& 9865:&# &$ &$)"(8#"!(8@ 6" +"#"#(" *& &#&!+," (#)&!#" &# &6 &6&:&#)8 *& 9865:&#&$ (#*&7&#*(&#)& *& 6"$ 9"!("B6&$ &$7"("6&$ A $868 &$ %5#(># *&6 )(&:78/ 3" &#&!+," (#)&!#" "6)(&:78 t+∆t &$)D *"*" 78! (ρe+∆(ρe))∆x∆y∆z/3" +"#"#(" &# 6" &#&!+," (#)&!#" "6 )(&:78 ∆t &$)D *"*" 78!F"#"#(" &# 6" &#&!+," (#)&!#" = ∆(ρe)∆x∆y∆z -./0.2
G& 6"$ &5"(8#&$ - ./H2 A - ./0.2@ *(9(*(&#*8 78!∆x∆y∆z∆t $& 8B)(&#& 6" &5"(># *(%&!&#("67"!" 6" 8#$&!9"(># *& 6" &#&!+,"I

−

(

∆ue,x
∆x

+
∆ue,y
∆y

+
∆ue,z
∆z

)

+ Q̇ =
∆(ρe)

∆t
-./0J2

K( $& )8:" &6 6,:()& &# &6 45& ∆x@∆y@∆z A ∆t $& "7!8<(:"# " &!8@ $& 8B)(&#&



 !"! #$&'()*+) ,$ -.&'/$.$'(& ,$ &0+.  1
(

∂ue,x
∂x

+
∂ue,y
∂y

+
∂ue,z
∂z

)

= Q̇−
∂(ρe)

∂t
 !"#$%

&' () +,- (' () ./( 0+1 np 2+,(, 34(,('5(,6 )+ ('(478+ 9'5(4'+ 3-4 /'9:+: :( ;-)/<(' :(=/)5- (ρe) (,5> :+:+ 3-4?
ρe = (1− φ)Mσ∆T + φ

np
∑

i=1

Siρiei  !"#@%
&' (,5+ (A34(,9B' Mσ (, )+ +3+9:+: +)-48C+ ;-)/<D549+ :( )-, ,B)9:-, :() 1+9<9('5-6 Si (,)+ ,+5/4+9B' :( )+ 2+,( iED,9<+6 ρi (, )+ :(',9:+: :( :90+ 2+,( 1 ei (, )+ ('(478+ 9'5(4'+ 3-4/'9:+: :( <+,+"&) F/G- 5-5+) :( )+, -<3-'('5(, :( )+ ('(478+ (' )+, :94(9-'(, x6 y 1 z ,-' )+ ,/<+ :()F/G- :( ('(478+ :( -';(9B' 1 :() F/G- :( +)-4 3-4 -':/9B' 3+4+ +:+ 2+,( ./( F/1("H+ -<3-'('5( :() F/G- 5-5+) (' )+ :94(9B' z (,5> :+:+ 3-4?

ue,z = −λ
∂T

∂z
+

np
∑

i=1

ui,zρi

[

hi +
gz

jgc

]  !"#I%J/,595/1(':- )+, (/+9-'(,  !"#@% 1  !"#I% (' )+ (/+9B'  !"#$% ,( -=59('( )+ (/+9B' :(=+)+'( :( ('(478+"
∂ue,x
∂x

+
∂ue,y
∂y

+
∂

∂z

(

−λ
∂T

∂z
+

np
∑

i=1

ui,zρi

[

hi +
gz

jgc

]

)

= Q̇−
∂

∂t

(

(1− φ)Mσ∆T + φ

np
∑

i=1

Siρiei

) !"#K%L-4 M)59<- +=( <(',9-'+4 ./( )+, 2/('5(, :( +)-4 3/(:(' ,(4 2/'9-'(, :() (,3+9- 1 ()59(<3-6 -<- (, () +,- :( /' 24('5( :( -<=/,59B' <B;9)" H+ <+7'95/: :( /'+ 2/('5( 5+<=9D'3/(:( ;(4,( +2(5+:+ 3-4 ;+49+=)(, :(3(':9('5(, :() ,9,5(<+6 5+)(, -<- )+ 5(<3(4+5/4+ 1 )+-'('54+9B' 1 3/(:( ;+49+4 -' () 59(<3-6 3-4 (G(<3)- ,9 ,( 0+( /'+ ;+49+9B' (' )+ 5+,+ :(9'1(9B' :( +94("




ui,x = −

ki∂pi
µi∂x

ui,y = −
ki∂pi
µi∂y

ui,z = −
ki
µi

(

∂pi
∂z

+ ρi
g

gc

) HI5JKL'/ >;,*-" '! ," &)'/'!*" -' +! A)"-*'!(' -' ('%&')"(+)"5 ?! '/("/ 'M&)'/*$!'/ ,"/ 0+!*$!'/ -'," ('%&')"(+)" /$! ,"/ /*A+*'!('/G ki '/ ," &')%'"4*,*-"- '0'(*>"< µi '/ ," >*/$/*-"- 2 ρi '/ ,"-'!/*-"-< i '/ ', 8!-*' :+' -'!$(" " ," 0"/' i D =/*%"5N' &+'-' %$-*C") ," ,'2 -' @")2 &")" *!,+*) (+)4+,'!*" 2 $()$/ '0'($/ *!')*",'/ :+' /'$!/*-')"! >",*-$/ '! ," &)'/'!*" -' >")*"*$!'/ -' ," ('%&')"(+)"56-'%;/ -', .+3$ -' 4+,($< ," ()"!/0')'!*" -' %"/" &$) -*0+/*1! -'!()$ -' +!" 0"/' '/ *%&$)D("!(' '! ",A+!$/ &)$'/$/ -' )'+&')"*1!5



 !"! #$&'()*+) ,$ -.&')/+.-$ ,$ *&)&    ! "#$% &' ()*) +%, &-.#*-/0 un,x '0 !) &-,'-/0 x % ,)2/0 &'! "#$% &' ()*) +%, #0-&)& &'3,') &' !) *'-/0 4,)0*5',*)!6 '*43 &)&) +%, !) !'7 &' 8-9 :
un,x = −D

∂c

∂x
;<=>?@

D '* '! %'A-'04' &' &-.#*-/0 ;% %'A-'04' &' &-.#*-/0 '.'4-5) @ 7 c '* !) %0'04,)-/0 &' !)%(+%0'04' '0 &-.#*-/0=01$*/2+=  0 #0) -04',.)*' &' B#'()&% % ',) &' #0) -04',.)*' &' B#'()&% '! C,)&-'04'&' %0'04,)-/0 &' %DEC'0% C'0',)!('04' '* C,)0&'= F) &-.#*-/0 +#'&' +,%+%,-%0), '! "#$% &'%DEC'0% ) !) 2%0) &' %(G#*4-/0 )&'(3* &' !) %04,-G#-/0 &'! "#$% &' G#!4% &' #0) .)*' &' C)*B#' %04'0C) %DEC'0%=  ! "#$% 4%4)! &' ()*) &'! %DEC'0% (um,x)O2
'0 !) .)*' &' C)* '0 !) &-,'-/0

x '*43 &)&) +%, !) !'7 &' H),7 7 !) !'7 &' 8-9:
(um,x)O2

= −
kg
µg

∂pg
∂x

cO2
−D

∂cO2

∂x




 !"! #$&'()*+) ,$ -.&')/+.-$ ,$ *&)&  0
 !"# $%&%'# )# *%!% !# )#$# )# +*,&-. ,%.% %)% /*,/'#'"# )# &/! 0+-)/! )#& 1%-*-#'"/2 & '3*#./ "/"%& )# */&4+&%! )# +%&5+-#. /*,/'#'"# #' +' ,#5+#6/ #&#*#'"/ )# 7/&+*#' )#&1%-*-#'"/ !# !#,%.%.% #' &% 8%!# 9%!: 8%!# ,#".;&#/ 1 8%!# %9+%2 <% 8.%-;' */&%. )# +%&5+-#./*,/'#'"# j #' &%! 8%!#! )# 9%!: ,#".;&#/ =>-&? 1 %9+% =@%"#.? !# )#'/"%.A /*/ yj : xo,j 1 xw,j.#!,#"-7%*#'"#: %!B 5+# !# ,+#)#' #!.-$-. &%! /')--/'#! )# #5+-&-$.-/ !-9+-#'"#!C

yj = xojkoj(p, T, /".%! /*,/'#'"#!)
yj = xwjkwj(p, T, /".%! /*,/'#'"#!) =D2DD?

k #! &% .%E;' )# #5+-&-$.-/ / 8%"/.Fk 1 .#,.#!#'"% &% .%E;' )# &% 8.%-;' */&%. )# &% /*,/'#'"#
j #' &% 8%!# )# 9%! % &% 8.%-;' */&%. )# &% /*,/'#'"# j #' &% 8%!# )# ,#".;&#/2 kwj )#'/"% &%.%E;' )# #5+-&-$.-/ 1 .#,.#!#'"% &% .%E;' )# &% 8.%-;' */&%. )# &% /*,/'#'"# j #' &% 8%!# )#9%! % &% 8.%-;' */&%. )# &% /*,/'#'"# j #' &% 8%!# )# %9+%2G%.% %9+% 7%,/.: !# +!% +'% .%E;' )# #5+-&-$.-/ )#.-7%)% )# &% &#1 )# H%&"/' )# &%! ,.#!-/'#!,%.-%&#!C

yw =
ps(T )

pg
=D2DI?)/')# ps #! &% ,.#!-;' )# !%"+.%-;' )#& 7%,/. 1 pg #! &% ,.#!-;' )# &% 8%!# )# 9%!2>".% /')--;' )# #5+-&-$.-/ ,%.% &% 8%!# )# %9+% #!C

yw = xowkow =D2DJ?#' #!"# %!/: 0 ≤ yw ≤ 12 & 0+K/ "/"%& )# *%!% (um,x)j )# &% /*,/'#'"# j #' &% )-.#-;' x #!"A )%)/ ,/. &% #+%-;'= D2DL? &% +%& !# !-9+# )-.#"%*#'"# )# &% #+%-;' = D2DM? 1 &%! )#N'--/'#! )# yj : xoj 1 xwj  !" #$%&'(! *



 !"! #$&'()*+) ,$ -.&')/+.-$ ,$ *&)&  "
(um,x)j = Mj

(

ug,x
ρg
Mg

yj + uo,x
ρo
Mo

xo,j + uw,x
ρw
Mw

xw,j −Dj
∂

∂x

ρgyj
Mg

)  !"!#$
%&' '()*+,-',/& 0*0'1-2&02 '&31*4' ' 1' 50,1,6'7' 2& 72),8') 1'9 25',*&29  !":$; !"<=$721 >'1'&2 72 2&2)4?' &*9 (2)-,02 *>02&2) 21 (),-2) 0@)-,&* 72 1' 25',/&  !"!<$

−

(

∂

∂x
(um,x)j +

∂

∂y
(um,y)j +

∂

∂z
(um,z)j

)  !"!A$
B' *&0),>5,/& 72>,7* ' 1'9 C52&029 72 -'9' 72 *-(*&2&02 j (*) 8*15-2& 5&,0'),* 721D',-,2&0*E F52 *))29(*&72 '1 9245&7* 0@)-,&* 72 1' 25',/&  !"!<$ 29 wj " G H&'1-2&02E 2102)2) 0@)-,&* 72 1' 25',/&  !"!<$E 1' *&0),>5,/& F52 )2()292&0' 1' '5-51',/& 72 -'9' 721' *-(*&2&02 j 29

∂

∂t

(

Mjφ

(

ρgSgyj
Mg

+
ρoSoxoj
Mo

+
ρwSwxwj

Mw

))  !"!:$7*&72 φ 29 1' (*)*9,7'7 ρi 29 1' 72&9,7'7 72 1' C'92iE Mi 29 21 (29* -*1251') ()*-27,* 72 1'C'92 iE Si 29 1' 9'05)',/& 72 1' C'92 i 7*&72 i = g, o, wE xoj E yj D xwj 9*& 1'9 C)',*&29 -*1')2972 1' *-(*&2&02 j 2& 1' C'92 72 (20)/12*E 4'9 D '45'E Mj 29 21 (29* -*1251') 72 1' *-(*&2&02 j"I590,05D2&7* 1'9 25',*&29  !"<J$ D 1'9 25',*&29  !"!A$; !"!:$ 2& 1' 25',/&  !"!<$92 *>0,2&2 1' 25',/& 7,C2)2&,'1 F52 95)42 72 1' 12D 72 1' *&92)8',/& 72 1' -'9' (')' '7'*-(*&2&02 j

∂

∂x

(

xoj
koρo
µoMo

∂po
∂x

+Dj
∂

∂x

ρgyj
Mg

+ yj
kgρg
µgMg

∂pg
∂x

+ xwj
kwρw
µwMw

∂pw
∂x

)

+
∂

∂y

(

xoj
koρo
µoMo

∂po
∂y

+Dj
∂

∂y

ρgyj
Mg

+ yj
kgρg
µgMg

∂pg
∂y

+ xwj
kwρw
µwMw

∂pw
∂y

)

+
∂

∂z

(

xoj
koρo
µoMo

(

∂po
∂z

+
gρo
gc

)

+Dj
∂

∂z

ρgyj
Mg

+ yj
kgρg
µgMg

(

∂pg
∂z

+
gρg
gc

)

+ xwj
kwρw
µwMw

(

∂pw
∂z

+
gρw
gc

))

=
∂

∂t

(

φ

(

xoj
ρo
Mo

So + yj
ρg
Mg

Sg + xwj
ρw
Mw

Sw

))

−
wj

Mj  !"!J$



 !"! #$&'()*+) ,$ -.&')/+.-$ ,$ *&)&  0 ! "#$%&'( wj
∂ue,x
∂x

+
∂ue,y
∂y

+
∂

∂z

(

−λ
∂T

∂z
+

np
∑

i=1

ui,zρi

[

hi +
gz

jgc

]

)

= Q̇−
∂

∂t

(

(1− φ)Mσ∆T + φ

np
∑

i=1

Siρiei

)

;'"(' ,1  '  ! -,( + *' 2-&%& '"( (' nc (%)(' '" ,1 H-2 nc  *-&(' , +&. $ '&-! ,+ (', $C-&0' + %-,-1 *'- )-$- -+- (%)(' '" 3I+&&('-!% '" 1 " ' %(, !-  *-&0' + B-!-' +  ' $9F-1 !( 8* +- *' "("-! + nc + 1 *-&(' , +&. $ '&-! ,3 J-2 "-%B&#' 2nc  *-&(' , &'+ ) '+& '" , 8* $ )$ , '"-' !-,  !"!"+  8*&!&B$&(3 E( 8* +- *' "("-! + 3nc + 1  *-&(' ,3E-, C-$&-B! , + ,('(&+-, ,(' yj 1 xoj 2 xwj )-$- -+- *'- + !-,  *-&(' , + ('"&'*&+-+3K + ,('( -+ %L,1 !- " %) $-"*$- T 1 !-, )$ ,&(' , 2 !-, ,-"*$-&(' , + -+- .-, 31&.& -.$) 2&)$)1  ! 'M% $( "("-! + C-$&-B! , + ,('(&+-,  , 3nc + 71 !-, , &, $ !-&(' ,-+&&('-! , )-$- + " $%&'-$  ! ,&," %- ,('G



 !"! #$&'()*+) ,$ -.&')/+.-$ ,$ *&)&  0
So + Sg + Sw = 1

Pc,wo = po − pw

Pc,og = pg − po
nc
∑

j=1

yi = 1

nc
∑

j=1

xoj = 1

nc
∑

j=1

xwj = 1  !"!#$%&'%( Pc,wo ) pc,og *&' +,* -.(*/&'(* ,-/+,.(* ('1.( +,* 2,*(* ,34, ) ,(/1( ) ('1.( +,* 2,*(* ,(/1() 3,*"

5/34., !"!6 7,8+, -,., (+ ,*& %( nc &9-&'('1(*":*1( */*1(9, %( (4,/&'(*; (*1<' /%(,+/=,%,* -,., .(-.(*('1,. +,* -.&-/(%,%(* /*&1.>-/,* ) +,%/24*/>' (' +, 2,*( %( 3,* ?'/,9('1(" @/' (98,.3&; -4(%(' */9-+/A,.*( ,?' 9<*; %(-('%/('%&%(+ -.&8+(9, B4( *( (*14%/("



o) )" -% 2%#" %"'$" "# -% #.1% )"-!E1"*/ )" 1/-"# )" 4%# (Ng,r) > %"'$" (No,r) )"- $%!3." )" %-1%"!%1'"!$/ 9*"#"!$"# "! F-=
ρo,r
Mo,r

+
Rsρg,r
Mg,r

= Bo
ρo
Mo

GH;IJK)/!)"=
ρo,r L M"!#')%) )" 1%#% )" -% 2%#" %"'$" "! /!)''/!"# )" $%!3." )" %-1%"!%1'"!$/;
Mo,r L D"#/ 1/-".-%* )" -% 2%#" %"'$" "! /!)''/!"# )" $%!3." )" %-1%"!%1'"!$/;
Rs L N/-.1"! )" 4%# )'#."-$/ "! -% 2%#" %"'$" 9/* .!')%) )" +/-.1"! )" %"'$" G%10/# +/-EO1"!"# *"2"*')/# "! /!)''/!"# )" $%!3." )" %-1%"!%1'"!$/K;
ρg,r L M"!#')%) )" 1%#% )" -% 2%#" 4%# "! /!)''/!"# )" $%!3." )" %-1%"!%1'"!$/;
Mg,r L D"#/ 1/-".-%* )" -% 2%#" 4%# "! /!)''/!"# )" $%!3." )" %-1%"!%1'"!$/;
Bo L P%$/* )" 2/*1%'(! )"- +/-.1"! )" %"'$"8 )"@!')/ /1/ -% *%C(! )"- +/-.1"! )" -% 2%#"



 !"! #$%&(&)* +,% -./0+0  1 "#$"  % &'%#"( )("*#+, - $".)"( $%( ("*)"$/  & 0/&%.", '%" /%) (1 ", /,2##/,"* 2"$ ,'%" 2"  &. ", .#",$/3
ρo 4 5",*#2 2 2" . * 2" & 6 *" 7 *3
Mo 4 8"*/ ./&"%& ( 2" & 6 *" 7 *39 "% #+, : ;3<=>? *" )%"2" "*(#@#( 2" & . ,"( *#7%#",$"A

1

Bo

Moρo,r
Mo,rρo

+
RsMoρg,r
BoMg,rρo

= 1 :;3<B>C& )(#."( $D(.#,/ 2" "*$ "E)("*#+, "* & 6( #+, ./& ( 2"  "#$" ", $ ,'%"? χoo? )("*",$"", & 6 *"  "#$"? "& *"7%,2/ $D(.#,/ "* & 6( #+, ./& ( 2" 7 * ", $ ,'%"? χog? )("*",$" ", & 6 *"  "#$" -? ", "*$"  */? ,/ "*$1 )("*",$" & 6( #+, ./& ( 2"  7% ", $ ,'%"? χow? ", & 6 *" "#$"3
χoo =

1

Bo

Moρo,r
Mo,rρo

χog =
RsMoρg,r
BoMg,rρo

χow = 0 :;3<;>F%*$#$%-",2/ "*$ * "E)("*#/,"* ", & "% #+, : ;3;G>? H%,$/ /,
yo = yw = xwo = xwg = 03

yg = xww = 13F" $#","



 !"! #$%&(&)* +,% -./0+0  1

 ! "#$%!&!& '() !+(%"&!) ,(-( !' $-(&),"-$! .! /()( ,(-( (.( "/,"&!&$!0 )% )! $"/(,-%/!-" !' ()" j = o 1(!%$!20
∂

∂x

(

xoo
koρo∂po
µoMo∂x

)

+
∂

∂y

(

xoo
koρo∂po
µoMo∂y

)

+
∂

∂z

(

xoo
koρo
µoMo

)(

∂po
∂z

+
gρo
gc

)

=
∂

∂t

[

φ

(

xoo
ρo
Mo

So

)]

−
wo

Mo 134552,(-( j = w 1(6+(2 )! "#$%!&!7
∂

∂x

(

xww
kwρw∂pw
µwMw∂x

)

+
∂

∂y

(

xww
kwρw∂pw
µwMw∂y

)

+
∂

∂z

(

xww
kwρw
µwMw

)(

∂pw
∂z

+
gρw
gc

)

=
∂

∂t

[

φ

(

xww
ρw
Mw

Sw

)]

−
ww

Mw 134582,(-( j = g 16()2 )! "#$%!&! '" )%6+%!&$!7



 !"! #$%&(&)* +,% -./0+0 12
∂

∂x

(

xog
koρo∂po
µoMo∂x

+ yg
kgρg∂pg
µgMg∂x

)

+
∂

∂y

(

xog
koρo∂po
µoMo∂y

+ yg
kgρg∂pg
µgMg∂y

)

+
∂

∂z

(

xog
koρo
µoMo

(

∂po
∂z

+
gρo
gc

)

+ yg
kgρg
µgMg

(

∂pg
∂z

+
gρg
gc

))

=
∂

∂t

[

φ

(

xog
ρo
Mo

So + yog
ρg
Mg

Sg

)]

−
wg

Mg  !"#$%&'( )*+,-.(*( /0. (. )**.234 .4 .(-' 5'(. (34 /0. 6' 37+3(**,4 8.6 9'( .( 34(-'4-.: 63 /0.(*94*;' /0. .6 +.(3 736.06'2 8.6 9'( .( *48.+.48*.4-. 8. 6' +2.(*,4 < 8. 6' -.7+.2'-02': < /0..6 5'-32 8.6 =3607.4 8. 5327'*,4 +'2' .6 9'( .(-> 8'83 +32?
Bg =

ρg,r
ρg

 !"#@% !"! ! #$%&()$ *& +,-./ .$ 0/&1 2,1&1 % *.1 .3-.$&$0&1A. 34(*8.2' 04 +23.(3 8. *4<.*,4 8. ='+32 .4 .6 /0. .(->4 +2.(.4-.( 6' 5'(. 8. 9'(: 6' 5'(.8. +.-2,6.3 70.2-3  43 -*.4. 9'( 4* 3-23( 37+34.4-.( 8*(0.6-3(% < 5'(.( 8. '90': 34 37+3B4.4-.( 8. )*823'2C023 < '90'" D4 .(-. +23.(3 (. 8.(+2.*' 6' 8*50(*,4: .4-34.( (. -*.4.4 -2.(5'(.( np = 3 < 83( 37+34.4-.( nc = 2"E373 (. .(-' -2'C'F'483 34 +.-2,6.3 70.2-3: 43 +0.8. )'C.2 3-2'( 37+34.4-.( 8*(0.6-'(.4 G(-.: .4-34.(? xow = 0 < xoo = 1" D4 6' 5'(. '90' 43 )'< 3-2'( 37+34.4-.( 8*(0.6-'(: +32 63-'4-3: (. -*.4. /0.? xww = 1 < xwo = 0" D4 6' 5'(. 9'(: 6' H4*' 37+34.4-. .( .6 ='+32 8. '90':'(I /0. (. 3C-*.4. 63 (*90*.4-.? yw = 1 < yo = 0"E34 63( ='632.( 8'83( .4 6' -'C6' '4-.2*32: (0(-*-0<.483 .4 6'( .0'*34.(  !"!J%"K'2' 6' 37+34.4-. 8.6 '.*-.: j = o: (. 3C-*.4.?
∂

∂x

(

xoo
koρo∂po
µoMo∂x

)

+
∂

∂y

(

xoo
koρo∂po
µoMo∂y

)

+
∂

∂z

(

xoo
koρo
µoMo

)(

∂po
∂z

+
gρo
gc

)

=
∂

∂t

[

φ

(

xoo
ρo
Mo

So

)]

−
wo

Mo  !"#L%
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 !" $%&$'(')( *(! "+,"- j = w- .( /(*,( "0
∂

∂x

(

Dw
∂ρgyw
∂xMg

+ yw
kgρg∂pg
µgMg∂x

+ xww
kwρw∂pw
µwMw∂x

)

+
∂

∂y

(

Dw
∂ρgyw
∂yMg

+ yw
kgρg∂pg
µgMg∂y

+ xww
kwρw∂pw
µwMw∂y

)

+
∂

∂z

(

Dw
∂ρgyw
∂Mg

+ yw
kgρg
µgMg

(

∂pg
∂z

+
gρg
gc

)

+ xww
kwρw
µwMw

(

∂pw
∂z

+
gρw
gc

))

=
∂

∂t

[

φ

(

yw
ρg
Mg

Sg + xww
ρw
Mw

Sw

)]

−
ww

Mw 12345678)(.( 9,( (! &(.$ %$!(,!"/ *( !" $%&$'(')( +". Mg (. :+,"! "! &(.$ %$!(,!"/ *( !" $%;&$'(')( "+," Mw  9,( .$' $'.)"')(. !$. &(.$. %$!(,!"/(. *(! "(:)( Mo  *(! "+," Mw3<". (,":$'(. 9,( ="!)"' &$/ (./:>:/ .$' !" (,":8' *( ."),/":8'-
So + Sw + Sg = 1-!" (,":8' *( !" &/(.:8' *( "&:!"/:*"* (')/( !" =".( "(:)(  !" =".( "+," Pc,wo

Pc,wo = po − pw !" (,":8' *( !" &/(.:8' *( "&:!"/:*"* (')/( !" =".( +".  !" =".( "(:)( Pc,og

Pc,og = pg − po-?.)". (,":$'(.  !" (,":8' *( >"!"'( *( ('(/+@"



 !"! #$%&(&)* +,% -./0+0 1 
∂ue,x
∂x

+
∂ue,y
∂y

+
∂

∂z



−λ
∂T

∂z
+

np=3
∑

i=1

ui,zρi[hi +
gz

Jgc
]



 = Q̇−
∂

∂t



(1− φ)Mσ∆T + φ

np=3
∑

i=1

Siρiei



 !"#$%&' )'*+',) -)./0' +' 121,&/0 3& 1&21 &+02)'&1 4 12&,& 2'56'2,017 &1,01 1)'7 801 ,.&1 10,+.092)'&1 So 7Sw7 Sg7 801 ,.&1 :.&12)'&1 po7 pw7 pg 4 80 ,&/:&.0,+.0 T ";' &8 01) &' &8 <+& ') =04 >0:). :.&1&',&7 1& ,2&'& <+& 80 10,+.025' 3&8 601 &1 '+807 Sg = 04 1& )?,2&'& +' 121,&/0 3& 1&21 &+02)'&1 )' 1&21 2'56'2,01"@&.) +0'3) =04 >0:). :.&1&',&7 =02&'3) +1) 3& 80 A&4 3& B08,)' 3& 801 :.&12)'&1 :0.208&1&C:.&1030 :). 80 &+025'  !"!#%7 )' yw = 1 :0.0 )?,&'&. 80 &+025' -08,0',&
pg = ps(T ))' ps 80 :.&125' 3& 10,+.025' 3&8 >0:).";' &8 01) 3& ,&'&. +' >0:).91+:&.082&',&7 1& ,2&'& <+& 80 10,+.025' 3&8 06+0 &1 '+807 Sw = 04 &8 'D/&.) 3& &+02)'&1 ,0/?2E' 1& .&3+& 0 1&21" F2 801 )',.2?+2)'&1 3& 80 &'&.6G0 :),&'2081)' 3&1:.&20?8&17 80 &+025' 3& ?080'& 3& &'&.6G0 1& .&3+& 0H

∂

∂x



−λ
∂T

∂x
+

np=3
∑

i=1

ui,zρi[hi]



+
∂

∂y



−λ
∂T

∂y
+

np=3
∑

i=1

ui,zρi[hi]



+
∂

∂z



−λ
∂T

∂z
+

np=3
∑

i=1

ui,zρi[hi]





= Q̇−
∂

∂t



(1− φ)Mσ∆T + φ

np=3
∑

i=1

Siρiei



  !"IJ%)' &8 K+*) 3& &'&.6G0 ,),08 &' 80 32.&25' x7 y 4 z 303)1 :).H
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ue,x = uλ,x + uT,x = −λ

∂T

∂x
+

np=3
∑

i=1

ui,xρi[hi]

ue,y = uλ,y + uT,y = −λ
∂T

∂y
+

np=3
∑

i=1

ui,yρi[hi]

ue,z = uλ,z + uT,z = −λ
∂T

∂z
+

np=3
∑

i=1

ui,zρi[hi]  !"#$%&'()' '*+, (- .' /0-(-1)'23 -4 56)323 )0'27731'45-1)- +('23 /30 4'( 719-17-07'( -1 /-)0:4-3;' 31)71+'7:1 (- .'0< +1' 71)032+7:1 ' +1 1+-=3 56)323 /'0' 3>)-1-0 4'( -+'731-( 2- 5'1-0'5<( (-1744' ? (7()-5')7'; 2- -()' 5'1-0' )'5>761 (- 3>)-120<1 4'( -+'731-( /'0' 4' 0-97:12- 4' 27(31)71+72'2"



 !"#$%&' (  !"#$# %&%"'()"&# +,-,., /#-(0.,&12 $'(#$'.#% $' %&%"'(,%#2"&20#%

 !"! #$%'()$ *' +,+)'-. $%),%/$A) *'*+$! ")+')0" $*  /0,% /0$ %%$) +"#" $% $*2 '" /0$ "02 3 +'$)$ "..$*2")#$)' <':0)9>" 6 7* #$'.3  # 20)+" #$ 0) *'*+$! ")+')0" $*+8 %%$)" #$ ! +$.' 4 $)  # 20)+" #$%  !" #!%&' ()*)+ BC



 !"! #$%&'()$+ ,& -./ /$/)&'+/ .%)$%0./  1 !"#%& '(!%& )#* !&+#, -. /-# "#0.(/+#1 2!(3 4 5-%,&! &,& !%!. ,# &-.%-/& # /- &-6/-.&4 "#0.(/+#!17- +&! !%!. ,#! &-.%-/&! ! .0#8#6# &- +&! "0&, 4%&! 4 !/! "0&"% 4#4 ! '(!%#! *  9%!. /-:&+/, -3 ++#,#4& 0 "0 ! -.#.%:&3 "#0#  + /#+ ! #+/+#- * !&- :;+%4&! +&! "0&, 4%&! 4 4%)#!"0&"% 4#4 !1 !"! #$%&'()$+ ,& -./ /$/)&'+/ .%)$%0./<&! !%!. ,#! &-.%-/&!  !.;- &-!.%./%4&! "&0 &-6/-.&! 4 "#0.(/+#! # +&! =/ ! + ++#,#0#-/ 0"&!1 > 4 -&.# "&0 B(t) # +# 0 ?%@- &/"#4# "&0  + / 0"& β3  -  + .% ,"& t1 A#4& /- / 0"&
β3 .&4# !/80 ?%@- β1 ⊂ β3 &-!.%./* # !/ : B &.0& / 0"&C  - .#+ #!&3 ! "/ 4 4 %0 =/ β1 ! /- !/8/ 0"& 4 β1 D - 0#+, -. 3  + %-. 0:#+& 4 .% ,"& &-!%4 0#4& ! 0; [0,∞)C  ! 4 %03! #!/, =/ 0 ≤ t < ∞1 E-# )%"@. !%! 8;!%# =/ ! #4&".# 4 !4 #)&0#  ! =/ 3  - /#+=/% 0.% ,"& t ∈ [0,∞)3  - #4# "/-.& ~x &- ~x ∈ B(t)3 )#* /-# * !&+#, -. /-# "#0.(/+# 4 + / 0"&
β1 > 4 !%?-# &,& ~x # +#! &&04 -#4#! 4 +# "&!%%@- 4 +# "#0.(/+# * &,& ~X # +# "&!%%@-%-%%#+ 4 4%)# "#0.(/+#  -  + !%!. ,# 4 0 ' 0 -%# +& /#+ !%0: "#0# %4 -.%5#0 # +# ,%!,#1 2
~X ! + &-& .#,8%F- &,& +#! &&04 -#4#! +#?0#-?%#-#! 4 +# "#0.(/+#3 ,% -.0#! =/ ~x !&-+#! &&04 -#4#!  /+ 0%#-#! 4 +# ,%!,#1> 4 5- # ~p( ~X, t) ∈ R3 &,& +# "&!%%@- &/"#4# "&0 +# "#0.(/+#  -  + .% ,"& t3 &- +#"0&"% 4#4 4 =/ +#! &&04 -#4#! ~x ∈ B(t) 4 +# "#0.(/+#3  !.;- 4#4#! "&0 +#  9"0 !%@-G

~x = ~r( ~X, t) ∈ R3 HI1JKL@. =/ +#! &&04 -#4#!  /+ 0%#-#! ! "/ 4 -  9"0 !#0 &,& /-# '/-%@- 4 +#! &&04 -#4#!+#?0#-?%#-#! * 4 + .% ,"&1E- &- ".& ,/* %,"&0.#-. "#0# +# 4 !0%"%@- 4 + ,&:%,% -.&  ! +# : +&%4#4 4 +#! "#0M.(/+#!3 +# /#+ ! 4 5- &,& +# 4 0%:#4# "#0%#+ &- 0 !" .& 4 + .% ,"& 4 +# "&!%%@-3 /#-4&+# "#0.(/+# ! ,#-.% - 56#1 >/  9"0 !%@-  !.# 4#4# "&0G
~V ( ~X, t) ≡

∂~r

∂t
( ~X, t) HI1NK



 !"! #$%&$'$()*,-( $./$&,*(* 0 /*1&*(1,*(*  2
 ! ! "#$%&'()('* '+,'-*&.)* ' &-,'-*&.)* !"#$% !#" &'%&()$"$ &!)$) )*&')+"'+) %-% !#" (#.)/'"0 +%1') 0" ')/(2# B(t) %!&"$" &%')0 !)'&%3 +) $() 4!) 0" &'%&()$"$ )+ !#" &'%&()$"$  !" #$%&'5 6"$" !#" 7!#(2# !"04!()'"
Ψ(~x, t)3 +) $)8#) 0" (#.)/'"09

E(t) ≡

∫

B(t)
Ψ(~x, t)d~x :;5;<=#.%#)+ E(t) )+ !#" &'%&()$"$ )*.)#+(>" ? " 0" 7!#(2# Ψ(~x, t) +) 0) 00"-" 0" &'%&()$"$%#" #$%&' "+%("$" " 0" &'%&()$"$ )*.)#+(>" E(t)5 @+A3 .%$" 7!#(2# (#.)/'"10) $)8#) !#" &'%&()B$"$ (#.)#+(>"5 !/! 0'%#'*'-,)&2- '34'#&)-) 5 4)6#)-6&)-)=*(+.)# $%+ 7%'-"+ $) ')&')+)#."' " 0"+ &'%&()$"$)+ (#.)#+(>"+9 0" ')&')+)#."(2# )!0)'("#"? 0" ')&')+)#."(2# 0"/'"#/("#"5 C" 4!) +) D" (#.'%$!($% "4!A )+ 0" ')&')+)#."(2# )!0)'("#"5E.(0(F"#$% 0" ')&')+)#."(2# )!0)'("#" Ψ(~x, t)3 )+ &%+(10) $)8#(' " 0" 7!#(2# φ( ~X, t)3 &"'" .%$"&"'.A!0" %# &%+((2# ~X ? &"'" .%$% .()-&% t3 &%' -)$(% $) 0" )!"(2#9

φ( ~X, t) ≡ Ψ(~r( ~X, t), t) :;5G<C" 7!#(2# φ( ~X, t) )+ 0" ')&')+)#."(2# 0"/'"#/("#" $) 0" -(+-" &'%&()$"$ (#.)#+(>"3 0" !"04!)$" $)8#($" !#A>%"-)#.) &%' 0" )!"(2# : ;5G<5 %-% )H)-&0%3 +) %1+)'>" 4!) +) !-&0) 0" ')0"(2# &"'" 0"+ ')&')+)#."(%#)+ )!0)'("#" ?0"/'"#/("#" $) 0" >)0%($"$9
~V ( ~X, t) ≡ ~v(~r( ~X, t), t) :;5I<?3 %#+)!)#.)-)#.)3 +) &!)$) $)8#(' +! %'')+&%#$()#.) ')&')+)#."(2# )!0)'("#" ~v(~x, t) $)0+(/!()#.) -%$%9
~v(~x, t) ≡ ~V

(

1

~r(~x, t)
, t

) :;5J<



 !"! #$%&'()*$ +',*)-.,&)(/ 0)(),. *. 23$24.*)*.% .5&.,%46)%  7 ! "#$%&!"! '!($!)(%!)! "# *)! +$,+%#"!"- .!/0%1) ''!/!"! "#$%&!"! /!.#$%!'- 2# "#3)# +,$
∂φ
∂t
( ~X, t)- #2 "#%$- +!$! ,0.#)#$ '! "#$%&!"! /!.#$%!' "# *)! +$,+%#"!" %).#)2%&! 2# /!).%#)# !'! +!$.*'! 35!6 7,/!)", '! "#$%&!"! ,) $#2+#., !' .%#/+, #) '! #*!%8) 9 :6;< = *.%'%>!)",'! ?8$/*'! "# '! "#$%&!"! "# *)! ?*)%8) "# ?*)%,)#2 9$#('! "# '! !"#)!<- 2# ,0.%#)#

∂

∂t
φ( ~X, t) =

∂Ψ

∂t
(~p( ~X, t), t) +

∂~r

∂t
( ~X, t) · ∇Ψ(~r( ~X, t), t) 9:6@<A% 2# "#),.! +,$ ~x ! '! +,2%%8) "# '! +!$.B*'! ~X- #).,)#2 2# +*#"# $##2$%0%$ '! #*!%8)9 :6@< ,/, 2%(*#

∂

∂t
φ( ~X, t) =

∂Ψ

∂t
(~x, t) + ~v(~x, t) · ∇Ψ(~x, t) 9:6C< ! "#$%&!"! /!.#$%!' 2# +$#2#).! #) /*D,2 "#2!$$,'',2 "# '! .#,$B! "# ',2 2%2.#/!2 ,).%)*,2-+,$ ', E*# 2# !",+.!$F '! ),.!%8)

D

Dt
≡

∂

∂t
+ ~v · ∇ 9:6G<'! *!' 2# $#'!%,)! ,) '! &#',%"!" "# H!$= 6 I' ,+#$!",$ D

Dt
2# '# ''!/!$F $#+$#2#).!%8)#*'#$%!)! "# '! "#$%&!"! /!.#$%!'6 !"! #$%&'()*$ +',*)-.,&)(/ 0)(),. *. 23$24.*)*.% .5&.,%46)% ! D%+8.#2%2 0F2%! +!$! '! ?,$/*'!%8) "# '! #*!%,)#2 "# 0!'!)# "# '!2 +$,+%#"!"#2 #JK.#)2%&!2 #) '! .#,$B! "# 2%2.#/!2 ,).%)*,2 2# +*#"# #)*)%!$ "# '! 2%(*%#).# /!)#$!L *!'E*%#$&!$%!%8) "# '! +$,+%#"!" #J.#)2%&! +$,&%#)# "# ', E*# 2# (#)#$! , 2# "#2.$*=# "#).$, "#' *#$+,, "# ', E*# #).$! , 2!'# ! .$!&12 "# 2* ?$,).#$!6  ! #J+$#2%8) /!.#/F.%! "# #2.! D%+8.#2%2 #2L

dE(t)

dt
≡

∫

B(t)
g(~x, t)dx +

∫

∂B(t)
~τ(~x, t) · ~nd~x 9:6MN<",)"# g(~x, t) #2 ', E*# 2# (#)#$! , 2# "#2.$*=# #) #' %).#$%,$ "#' *#$+, B(t) = ~τ(~x, t) #2 ', E*##).$! , 2!'# ! .$!&12 "# '! ?$,).#$! "#' *#$+, ∂B(t)6  !" #$%&'(! *



 !"! #%&'()*+ ,* -&.&)* .(&.  / !"! #%&'()*+ ,* -&.&)* .(&. !"#$% & '(! (&*'(#!+ ,+%,#!$&$ !-.!/0#1& !0 *& #/.!2+&* $! *& #/.!/0#1& &0%#&$&3 !(&#4/5 67683 $!+#1&/$% &$!(&$&9!/.!3 0! %".#!/! *% 0#2(#!/.!
dE(t)

dt
=

∫

B(t)

{

∂Ψ

∂t
( ~X, t) +∇ · (Ψ( ~X, t)~v(~x, t))

} 567::8(&/$% /% !-#0.!/ $#0%/.#/(#$&$!07 !"!#! $&'()*+, -+ ,'./);/ 9(<&0 &,*#&#%/!0 $! *& .!%+=& $! *%0 9!$#%0 %/.#/(%03 %9% !/ !* &0% $! %9"(0.#4/#/>0#.(3 !0 /!!0&+#% %/0#$!+&+ ,+%,#!$&$!0 #/.!/0#1&0 !/ *&0 (&*!0 0( +!,+!0!/.&#4/ !(*!+#&/&
Ψ( ~X, t)3 .!/2& $#0%/.#/(#$&$!0 $! 0&*.%3 .&/.% $! *& ?(/#4/ 9#09& %9% $! 0(0 $!+#1&$&03 !/&*2(/& 0(,!+@#! '(! 0! +!,+!0!/.&+A ,%+ Σ(tf(x1, ..., xn) (/& ?(/#4/ $! n 1&+#&"*!07 H%/0#$!+! (/& +!2#4/ Ω $!* !0,&#% ;(*#$#&/%
n>$#9!/0#%/&*7 ;/.%/!0

∫

Ω

∂f

∂xi
(~x)d~x =

∫

∂Ω
f(~x)nid~x 567:I8$%/$! ni = (n1, ..., nN ) !0 !* 1!.%+ /%+9&* (/#.&+#% '(! &,(/.& <&#& !* !-.!+#%+ $! Ω7 C&!(&#4/ 5 67:I8 !0 !* E!%+!9& $! D+!!/7J&+& !/(/#&+ !* .!%+!9& $! D&(00 0! <&! (0% $!* .!%+!9& $! *& $#1!+2!/#& '(! 0! $!+#1&?A#*9!/.! $! *& !(&#4/ 5 67:I87



 !"! #%&'()*+ ,* -&.&)* .(&.  / !" Ω ⊂ Rn #$" %!&'($ )! Rn * +!" {Ω1, ...,ΩN} #$" )!+-./-+''($ )! Ω0 !+ )!'%1 Ωi1
∀i = 1, ..., N 1 !+ #$" +#2%!&'($ Ω1Ωi ∩ Ωj +'!./%! 3#! i 6= j4 !" ~u(x1, ..., xn) #$" 5#$'($ 6!7-%'"8 )! n96"%'"28!+0 +# )'6!%&!$'" +! )!:$! /-%

∇ · ~u =

i=n
∑

i=1

∂ui
∂xi

;<4=<>* !8 7!-%!." )! ?"#++ !+7"28!! 3#!
∫

ω

∇ · ~ud~x =

∫

∂Ω
~u · ~nd~x ;<4=@>A$" 6!%+'($ .B+ &!$!%"8 )!8 C!-%!." )! ?"#++1 "/8'"28! " "./-+ 6!7-%'"8!+ -$7'$#-+ /-%/"%7!+ * -$ /%'.!%"+ )!%'6")"+ 7".2'D$ -$7'$#"+ /-% /"%7!+1 +! /%!+!$7" " -$7'$#"'($4 EB+!+/!F:".!$7!1 +! G"! 8" +#/-''($ )! 3#! 8" 5#$'($ 6!7-%'"8 ~u * +# /%'.!%" )!%'6")"1 +-$-$7'$#"+ !$ ")" #$" )! 8"+ +#2%!&'-$!+ {Ω1, ...,ΩN}1 +!/"%")".!$7!4H-% +!$'88!I * /"%" './8!.!$7"% #$" %!/%!+!$7"'($ &%B:" )!8 /%-28!." )! !+7#)'- !$ !+7!7%"2"J-1 +! -$+')!%" +-8".!$7! !8 "+- !$ 3#! 8" )!+-./-+''($ -$+7" )! )-+ +#2%!&'-$!+0 !+)!'%1 N = 24

K'&#%" <4=L M!/%!+!$7"'($ &%B:" )!8 *"'.'!$7-N! "#!%)- -$ 8" :&#%" <4= +! 7'!$! #$" /"%7''($ )! 8" %!&'($1 )-$)! 8" /"%7! '$"7'6" )!8/%-28!."1 !+ )!'% 8" %!&'($ 3#!.")" )!8 /-I-1 !+7B )")" /-% Ω1 * 8" /"%7! "7'6" - %!&'($$- 3#!.")" !+7B )")" /-% Ω2 +! )!$-7" " 8" 5%-$7!%" )!8 /%-28!." -.- ∂Ω * !8 5%!$7! )!-.2#+7'($1 3#'!$ &!$!%" #$" )'+-$7'$#')")1 +! 88"."%B  !"!#$% * +! )!$-7"%B -$ Σ4 O$7-$!+
∂Ω = ∂1Ω ∪ ∂2Ω



 !"! #%&'()*+ ,* -&.&)* .(&. /0 !" # ∂1Ω #$ %& '(!")#(&  # %& (#*+," +"&)+.& / ∂2Ω #$ %& '(!")#(&  # %& (#*+!" &)+.&0
∂1Ω = ∂Ω ∩ ∂Ω1 / ∂2Ω = ∂Ω ∩ ∂Ω21 #23$ ∂Ω1  #",)& & %& '(!")#(&  # %& (#*+," +"&)+.& #" 4"+," !" #% )&$& !( / &%*! $+2+%&(5&(& %& (#*+," &)+.&0
∂Ω1 = ∂1Ω ∪ Σ / ∂Ω2 = ∂2Ω ∪ Σ!" #$)& "!)&+,"0 $# )+#"#6

∫

Ω1

∇ · ~ud~x =

∫

∂Ω1

~u · ~n∂d~x =

∫

∂1Ω
~u · ~n∂d~x+

∫

Σ
~u− · ~nΣd~x 789:;<

=>$#(.# ?4# #" %& #4&+," 7 89:;<0 #% .#)!( !5#(& !( ~nΣ #$ %& "!(2&% 4"+)&(+& #" Σ / $# @&)!2& ! &54")&" ! @&+& '4#(&  # Ω19 A" '!(2& $+2+%&(0 $# )+#"#
∫

Ω2

∇ · ~ud~x =

∫

∂Ω2

~u · ~n∂d~x =

∫

∂2Ω
~u · ~n∂d~x−

∫

Σ
~u+ · ~nΣd~x 789:B< !" # %& "!(2&% 4"+)&(+& #" Σ $# @& )!2& ! +*4&% ?4# #" %& #4&+," 7 89:;<0 &54")&" ! @&+&'4#(&  # Ω10 5!( %! ?4# ~n∂ = −~nΣ &54")& @&+& &'4#(&  # Ω29C42&" ! %&$ #4&+!"#$ 7 89:;< / 7 89:B<0 $# !>)+#"#

∫

Ω
∇ · ~ud~x =

∫

∂Ω
~u · ~n∂d~x+

∫

Σ
[[~u]] · ~nΣd~x 789:D< !" #

[[~u]] ≡ ~u+ − ~u− 789:E<#$ #% $&%)!  # %& '4"+," ~u / %& #4&+," 7 89:D< #$ %& '!(2& *#"#(&%+F& &  #% )#!(#2&  # G&4$$ &%?4# $# @& @#@! (#'#(#"+&9H!" %! &")#(+!( / & !5)&" ! #$)& "!)&+," $#(3 #$ 23$ $#"+%%! .#( ?4# %& #4&+," ?4# $#"##$+)&0 #" $4$)+)4+," & %& #4&+," 789::<0 5&(&  #$(+>+( $+$)#2&$ !"  +$!")+"4+ & #$ #$#")!"#$6



 !"! #%&'()*+ ,* -&.&)* .(&. /0
dE(t)

dt
=

d

dt

∫

B(t)
Ψd~x =

∫

B(t)

{

∂Ψ

∂t
+∇ · (Ψ~v(~x, t))

}

d~x+

∫

Σ(t)
[[Ψ(~v − ~vΣ)]] · ~nd~x  !"#$%

&' () *+,'* *, ./01'23 4) ,* '2.)50*, )2 6032.)0* 4) ,* )7*'82  !"#9%: ), .)30)1* 5)2)0*,';*434) <*7(( )2 +0)()2'* 4) 4'(32.'27'4*4)(: () 3=.')2)>
dE(t)

dt
=

∫

B(t)
{g +∇ · τ} d~x+

∫

Σ(t)
[[~τ ]] · ~nd~x  !"?9%

&' () 0)(.*2 ,*( )7*'32)(  !"#$% @  !"?9%: 0)(7,.*>
∫

B(t)

{

∂Ψ

∂t
+∇ · (Ψ~v)− g∇ · τ

}

d~x+

∫

Σ(t)
[[Ψ(~v − ~vΣ)− ~τ ]] · ~nd~x = 0  !"?#%

A, *+,'*0 ), B)1* 4) 47C3'(DE)@1324: () 3=.')2)>
∂Ψ

∂t
+∇ · (Ψ~v) = g +∇ · ~τ ; ∀ ~x ∈ B(t)  !"??%

[[Ψ(~v − ~vΣ)− ~τ ]] · ~n = 0; ∀ ~x ∈ Σ(t)  !"?!%4324)  !"??% @  !"?!% (32 ,*( )7*'32)( 4) =*,*2) ,3*, 4) ,* +03+')4*4 '2.)2('F*"G2* 1*2)0* *,.)02*.'F* 4) )H+0)(*0 ,* )7*'82 4) =*,*2) ,3*,  !"??% )( )2 672'82 4) ,*4)0'F*4* 1*.)0'*, 4) ,* +03+')4*4 '2.)2('F*: (' () 4)(*003,,* ), ./01'23 4) ,* 4'F)05)2'* 0)(7,.*>
∂Ψ

∂t
+ ~v · ∇Ψ+Ψ∇ · ~v = g +∇ · ~τ ;∀~x ∈ B(t)  !"?I%J313 ,3( 43( +0'1)03( ./01'23( (32: +30 4)K2''82: ,* 4)0'F*4* 1*.)0'*, 4) ,* +03+')4*4'2.)2('F*: () 0))(0'=) )2.32)( ,* )H+0)('82>
DΨ

Dt
+Ψ∇ · ~v = g +∇ · ~τ ; ∀ ~x ∈ B(t)  !"?L%+*0* 6*','.*0 ,* 1*2'+7,*'82 *,5)=0*'*"



i /)$'$ 0#!0': ) $, .'>: '! )0) /)$' D)3 Mj #(4+#!'!&'$5@ )0) #(+#!'!&' $' "' +,'0' )$#%)- ,! #!=,!&# 0' +-#+%'0)0'$ %!&'!$%.)$5 @;,F $#"# $'#!$%0'-) ,!) +-#+%'0)0 %!&'!$%.) +#- #(+#!'!&': ") ,)" $' 0'$%2!) #(# Ψi
j : 0#!0' '" $,+'-F!40%' i #--'$+#!0' )" !H('-# 0' ") /)$' 3 '" $,1F!0%' j #--'$+#!0' )" !H('-# 0' ") #(+#!'!&'0'!&-# 0' 0%D) /)$'5 @0'(9$ $' 0'$%2!) #(# Ei

j ) $, +-#+%'0)0 'E&'!$%.) #--'$+#!0%'!&'5I' ()!'-) )!9"#2) )" )$# 0' ,!) $#") /)$': -''$-%1%'!0# ") ',)%7! A J5BKC: $' +,'0'!+")!&')- ")$ ',)%#!'$ 0' 1)")!' 2"#1)" +#- #(+#!'!&'$L
dEi

j(t)

dt
=

∫

B(t)
gij(t)(~x, t)d~x+

∫

∂B(t)
~τ i
j (t)(~x, t) · ~nd~x AJ5GMC0#!0' i (i = 1, 2, ..., N) 3 j (j = 1, 2, ...,M)5@$F #(# &)(1%?! ")$ ',)%#!'$ 0' 1)")!' "#)": %!",3'!0# '" $)"&# 0' ") /,!%7!

∂Ψi
j(t)

∂t
+∇ · (Ψi

j(t)~v
i) = gij(t) +∇ · ~τ i

j (t); ∀ ~x ∈ B(t) AJ5GNC
[[

Ψi
j(t)(~v

i − ~v i
Σ )− ~τ i

j (t)
]]

· n = 0; ∀ ~x ∈ Σ(t) AJ5GOC0#!0' i (i = 1, 2, ..., N) 3 j (j = 1, 2, ...,M)5 ! '$&' )+F&,"# $' D)! #1&'!%0# ")$ ',)%#!'$ #! ")$ ;,' $' +,'0' (#0'")- ,)";,%'-$%$&'() #!&%!,#: ('0%)!&' ,! (?&#0# $%$&'()&%# D)%'!0# ,$# +-%!%+)"('!&' 0'" &'#-'() 0'



 !"! #$%&'()% *' +),$)% -)%'% .  !"##$ %& '( )"* #+,"* #* -!./ "#( 0* '!# *"!+(&*# (23*&+0!# 4!.! !4'+!.'!# *& "& 4.(2'*5!*#4*+6( 0* .*"4*.!+7& #*"&0!.+! 0* -+0.(!.2".(# 4(. +&8*+7& 0* !+.*9 3!52+*& (&(+0((5( (52"#3+7& +&:#+3" 8 (23*&*. "& 5(0*'( 0*' 5+#5($



 !"#$%&' (  !"#$! "# %&#'(#) "#!+,-)(./'




 ! "#$%&# $% '(%)*%+ $% #-./+*01)  2 !"#$ $  %& ! "$' (!$*%&!' %+((!& $ +&$ $",$ -!"%* $ . /$ 0%&$  ! (!$*1& !',2 %&,!&* $ !&,(%  ! "$ $3$  ! ,($&'4!(!&*$  ! $"%(5 -!( 6#+($ 7.8.


• /$ 4$'! '1"* $ HsK5 <+! %&',$  !  %' %=3%&!&,!': "$ =$,(*0 '1"* $ HrK B !" %=>+',*>"!'1"* % Hf K



 ! "#$%&# $% '(%)*%+ $% #-./+*01)  2
•  ! "!#$ %!#$&#! 'g() *+$ $# +,! -$.0! 1$ &23%$,& 'ox( 4 &56&# %!#$# gp '76&1+5& 1$0! 6$!89,(:

ρ0f $# 0! 1$,#81!1 8,88!0 1$0 &-;+#58;0$ 7&6 +,81!1 1$ <&0+-$, 5&5!0) *+$ #$ #+7&,$&,&81!: ! -!568. $# ,& 6$!58<!) $#5!8&,!68! 4 #+# 76&78$1!1$# 5$6-&18,=-8!# ,& !-;8!, 1+>6!,5$ $0 76&$#&:?0 &-;+#58;0$ #9081& [f ] 6$!8&,! &, $0 &23%$,& [ox] 1$ !+$61& !0 #8%+8$,5$ -&1$0&$#5$*+8&-@568&A
[f ] + γox [ox] → γog [og] 'B:C( &!0-$,5$ $0 $#7!8& 1$ 7&6& 4 0! -!568. #9081! $#5=, $, $*+808;68& 5@6-8&:D$ 1$#76$8!,A

• 0! 56!,#"$6$,8! 1$ !0&6 7&6 6!18!89,:
• 0&# 5@6-8,&# "+$,5$ 1$ $,$6%3! 1$;81&# !0 8,6$-$,5& 1$ 0! 76$#89,:
• $0 56!;!E& 1$ "+$6.!# 1$ +$67& 4 #+7$6F8!0$#:G!6! 0! "!#$ %!#$&#! #$ &,#81$6!6= 0! $+!89, 1$ $#5!1& 1$0 %!# 81$!0 PV = nRTG$6-!,$$, &,#5!,5$# 0!# 76&78$1!1$# 5$6-&18,=-8!# 4 1$ 56!,#7&65$) 5!0$# &-&A &,>1+58<81!1) 18"+#8<81!1) !7!81!1 !0&63F! 1$0 #9081&) !0&6 1$ 6$!89,) $5:



 !"! #$$%&'( )% *+,%, - (/0(1%12%,  3 !"! #$$%&'( )% *+,%, - (/0(1%12%, !"! #!%&%'!" (& )!*(+, -( &!. /!"%!0&(. (* &! .1.'%'1%2* -( &!. (1!%,*(. -( 0!&!*( .( 3!*%)4&()(*'!-, &!. .%51%(*'(. '!0&!. 4+$+ '+ /+,+5+,%, 6(/0(1%12%, 4$(07%)+)%, 4$(07%)+)%, 58%12%, 5'89(,:α; :i; <=2%1,7>+, ?12%1,7>+,@A'7)+ :s; 6,! 7r8 M(r,s) (t) ΨM
r = (1− φ) ρ(r,s) g(r,s) gΣ(r,s) ~τ(r,s)9,)01.'%0&( 7f 8 M(f,s) (t) ΨM

f = ρ(f,s) g(f,s) gΣ(f,s) ~τ(f,s)B+, :g; :;<5(*, 7ox8 M(ox,g) (t) ΨM
ox = φY ρg g(ox,g) gΣ(ox,g) ~τ(ox,g):'",. 5!.(. 7og8 M(og,g) (t) ΨM

og = φ (1− Y ) ρg g(og,g) gΣ(og,g) ~τ(og,g)91!-", =>?@ A""(5&, -( #!.(. B ,)4,*(*'(. 4!"! &! )!.!4+$+ '+ %1%$&C+5+,%, 4$(07%)+)%, 4$(07%)+)%, 58%12%, 5'89(,:α; <=2%1,7>+, ?12%1,7>+,@A'7)+ :s; Es (t) ΨE
s = (1− φ) ρses Γs ΓΣs

~ΠsB+, :g; Eg (t) ΨE
g = φρgeg Γg ΓΣg

~Πg91!-", =>C@ A""(5&, -( #!.(. B ,)4,*(*'(. 4!"! &! (*("5<!D(2+7A1E
α D "(4"(.(*'! &! #!.( (α = s, g)

i D "(4"(.(*'! &! ,)4,*(*'( 7i = r, f, ox, og8
M(β,α) D )!.! -( &! ,)4,*(*'( i (* &! #!.( α
Eα D (*("5<! -( &! #!.( α
φ D 4,",.%-!- -(& )(-%, 4,",.,
ρ(i,α) D -(*.%-!- -( )!.! -( &! ,)4,*(*'( i (* &! #!.( α
ρα D -(*.%-!- -( )!.! -( &! #!.( α



 !"! #%&'()*+ ,* -&.&)* ,*. +'+/*0&  1
eα  !"!#$%& '"(!#"& )*# +"',&, ,! -&.& ,! /& 0&.! α

g(i,α)  (1#-'"* 0+!"(! ,! /& -&.& ,! /& *-)*"!"(! i !" /& 0&.! α

gΣ(i,α)  (1#-'"* 0+!"(! ,! /& -&.& !" Σ ,! /& *-)*"!"(! i !" /& 0&.! α

~τ(i,α)  (1#-'"* ,! 3+4* ,! -&.& ,! /& *-)*"!"(! i !" /& 0&.! α

Γα  (1#-'"* 0+!"(! ,! /& !"!#$%& )&#& /& 0&.! α

ΓΣα  (1#-'"* 0+!"(! ,! /& !"!#$%& !" Σ )&#& /& 0&.! α

~Πα  (1#-'"* ,! 3+4* ,! !"!#$& )&#& /& 0&.! α

Y  5#&'6" ,! -&.& ,!/ *7%$!"*8 !"! #%&'()*+ ,* -&.&)* ,*. +'+/*0&#%&'()*+ ,* -&.&)* ,* 0&+& *) &,& 2&+*9" !.(& .!'6" ,!#':&#!-*. /& !+&'*"!. ,! ;&/&"! ,! -&.& ,! &,& 0&.!8 9/ -&.&)* ,*0&+& ,! /& (03()*)/* 4(& !" /& 2&+* +5.',& !.
M(r,s) (t) =

∫

B(t)
(1− φ) ρ(r,s)d~x <=8>?,*",! φ !. /& )*#*.',&, ,!/ -!,'* @ ρ(r,s) !. /& ,!".',&, )#*-!,'* ,! /& #*&A& !+&'6" ,! ;&/&"! $/*;&/ ,! /& -&.& .! *;('!"! ,! /& !+&'6" < B8>C? @ D&'!",* +.* ,!/& (&;/& < =8E?

d

dt
M(r,s) (t) =

∫

B(t)
g(r,s)(~x, t)d~x+

∫

∂B(t)
~τ(r,s)(~x, t) · ~nd~x+

∫

Σ(t)
gΣ(r, s)d~x <=8B?F! !.(& -&"!#&G /&. !+&'*"!. ,! ;&/&"! /*&/ ,! /& #*& !" 0&.! .6/',& .*"

∂
(

(1− φ) ρ(r,s)

)

∂t
+∇ ·

(

(1− φ) ρ(r,s)~vs

)

= g(r,s) +∇ · ~τ(r,s) <=8=?H )&#& /& ,'.*"('"+',&, +.&",* /& !+&'6" < B8>I? @ D&'!",* +.* ,! /& (&;/& < =8E? (!"!-*.
[[

(1− φ) ρ(r,s) (~vs − ~vΣ)
]]

· ~n = gΣ(r,s); <=8J?



 !"! #%&'()*+ ,* -&.&)* ,*. +'+/*0&  1
 !" #$ !"&' #()" ! *+# ,) (!) #&-) ./)$ "! 0)1  '2+&'3"$ "' 2+#"-#&$ #"-!"#&4

~vs ≡ 0$ ~τ(r,s) ≡ 0$ g(r,s) = 0$ gΣ(r, s) ≡ 056!" #&-)& !" ''!"#&$ ,)& #+)'!"#&  # 7),)"# ,!), &# (# +#" )4
φ
∂ρ(r,s)

∂t
= 0 895:;1 <)() ,) #+)'3"  # &),-! !7-#"#=!&

(1− φ)~vΣ
[[

ρ(r,s)
]]

· ~nΣ = 0; 895>;
ρ(r,s) = constante 895?;

@' ,)  #"&' ) #& !"&-)"-#$ "! 0)1 &),-! #" ,) (!) #"-!"#&
[[

ρ(r,s)
]]

= 0. 895A;B,  !"!#% &% '!(!  # ,) )'*)#%#+% )' ,(+- "%  # ,) .!(% (/"-&! #&
M(f,s) (t) =

∫

B(t)
ρ(f,s)d~x 895CD; !" # ρ(f,s) #& ,)  #"&' )  # =)&)  #, !=7+&-'7,# #" 2)&# &3,' ) <!( #, E!,+=#" -!-),5F) #+)'3"  # 7),)"# G,!7),$ !7-#"' )  # ,) #+)'3" 8 H5I:; 1 0)'#" ! +&!  # ,) -)7,)8 95C; #&

d

dt
M(f,s) (t) =

∫

B(t)
g(f,s)(~x, t)d~x+

∫

∂B(t)
~τ(f,s)(~x, t) · ~nd~x+

∫

Σ(t)
gΣ(f, s)d~x 895CC;J# )*+K !7-#"#=!& *+# ,)& #+)'!"#&  # 7),)"# ,!), &!"



 !"! #%&'()*+ ,* -&.&)* ,*. +'+/*0& 12
∂
(

ρ(f,s)
)

∂t
+∇ ·

(

ρ(f,s)~vs
)

= g(f,s) +∇ · ~τ(f,s)  !"#$%& '()( *( +,-/01,02,+(+ /314045/- *( 620,70 +4 -(*1/ '()( 4* /532-1,3*4
[[

ρ(f,s) (~vs − ~vΣ)
]]

· ~nΣ = gΣ(f,s)  !"#$%&'()
~vs ≡ 0, ~τ(f,s) ≡ 0, g(f,s) = W, gΣ(f,s) 6= 0, ρ(f,s) ≡ ρ0(f,s) (1− η)*)+*' ρ(f,s) ', -. *'+,/*.* *' 0.,. *'- )023,4/2-' '+ 5.,' ,6-/*. 7)( '- 8)-30'+ 4)4.-9 ρ0(f,s) ',-. *'+,/*.* *' 0.,. /+//.- *'- )023,4/2-' '+ 5.,' ,6-/*. :

η (~x, t) = 1−
ρ(f,s)

ρ0(f,s)
 !"#!%', -. 5(./6+ *' )023,4/2-' )+,30/*)",3,4/43:'+*) ,' )24/'+'+

∂
(

ρ0(f,s) (1− η)
)

∂t
= W

[[

ρ0(f,s) (1− η)~vΣ

]]

· ~nΣ = gΣ(f,s)

'+4)+',
−ρ0(f,s)

∂η

∂t
= W  !"#;%: -. '3./6+ *' ,.-4) ',

[[

ρ0(f,s) (1− η)~vΣ

]]

· ~nΣ = gΣ(f,s)  !"#<%



 !"! #%&'()*+ ,* -&.&)* ,*. +'+/*0& 12 ! "# %&"!'#() *+# #, %-.+"/!.,# "# %&"+-# %-0,#/)-#&/#1 #" '#!(1 [[η]] = −11 ∂η
∂t

= 01#&/%&#" (#"+,/) *+#
gΣ(f,s) = −ρ0(f,s)~vΣ · ~nΣ 234567

8, -&.&)* ,* 0&+& '# ,) (03()*)/* (456*)( '# ,) 7&+* 6&+*(+& #"
M(ox,g) (t) =

∫

B(t)
φY ρgd~x 234597'%&'# :)#-%" +"% '# φ %-% 0%(%"!')' '#, -#'!%1 Y (~x, t) ,) ;()!<& '# -)") '#, %=>?#&% @

ρg (T, pg) ,) '#&"!')' 0(%-#'!% '#, ?)" %-% ;+&!<& '# ,) /#-0#()/+() @ ,) 0(#"!<&48&/%&#" ,) #+)!<& '# .),)&# ?,%.), #" ,) "!?+!#&/#
d

dt
M(ox,g) (t) =

∫

B(t)
g(ox,g)(~x, t)d~x +

∫

∂B(t)
~τ(ox,g)(~x, t) · ~nd~x+

∫

Σ(t)
gΣ(ox,g)d~x 2345A7B# #"/) -)&#() +")&'% ,) #+)!<& 2 C4DE7 @ ,) /).,) 2 3457 %./#&#-%" ,) #+)!%& '# .),)&#,%),F

∂ (φY ρg)

∂t
+∇ · (Y ρg~ug) = g(ox,g) +∇ · ~τ(ox,g) 234DG7H ,) #+)!<& '# "),/% 0)() ,) '!"%&/!&+!')' '# ,) %-0%&#&/# %=!?#&% #"

[[

φY ρg (~vg − ~vΣ)−D(ox,g)∇ (Y ρg)
]]

· ~nΣ = gΣ(ox,g) 234D57'%&'# "# %&"!'#() ,% "!?+!#&/#
~ug ≡ φ~vg *+# #" ,) I#,%!')' '# B)(@
~τ(ox,g) ≡ D(ox,g)∇ (Y ρg) #" ,) ,#@ '# J!K
D(ox,g) #, %#L!#&/# '# '!;+"!<& #;#/!I% '#, %=>?#&% #& ,) ;)"# ?)"#%")
g(ox,g) = 0 gΣ(ox,g) = −µoxρ

0
(f,s)~vΣ · ~nΣ #, "!?&% &#?)/!I% !&'!) *+# #, %=>?#&% "# %&"+-#



 !"! #%&'()*+ ,* -&.&)* ,*. +'+/*0& 1"
µox ≡ γox

Mox

Mf
 !  " $ %& '(  !( )*&$+,(-&$ . " $/01 '$ 2 !3.$ $' - !2 ($ 3 "3 +3!345'($' !6 ! $7(& ' "3  *3&8' . 73"3' . +3!3 . " $/01 '$

φ
∂ (Y ρg)

∂t
+∇ · (Y ρg~ug) = ∇ ·

(

D(ox,g)ρg∇Y
) 9:4;;<.$'. !  !(= $'!&. -3'.$ )* 

∇ (Y ρg) = ρg (∇Y + Y∇ρg�ρg) 9:4;><
? "3  *3&8' . !3"($  ! "3 )* !&1* 6  " !&1'$ ' 13(&@$ &'.&3 )*  " $/01 '$ ! $'!*+ 

[[

φY ρg (~vg − ~vΣ)−D(ox,g)∇ (Y ρg)
]]

· ~n = −µoxρ
0
(f,s)~vΣ · ~nΣ 9:4;:<A&'3"+ '( 2- ! '(3+$!  " -&.&)* ,* 0&+& . "3 (02()*)/* (/3(+ 4&+*+  ' "3 5&+*4&+*(+&6 2- ! '( !  '  " +$. "$B

M(og,g) (t) =

∫

B(t)
φ (1− Y ) ρgd~x 9:4;C<.$'. φ  ! "3 2$-$!&.3. . " + .&$6 Y (~x, t)  ! "3 D-3&8' . +3!3 . " $/01 '$ E ρg (T, p)  ! "3. '!&.3. 2-$+ .&$ . " 13!4F3  *3&8' . 73"3' 1"$73"  !

d

dt
M(og,g) (t) =

∫

B(t)
g(og,g)(~x, t)d~x +

∫

∂B(t)
~τ(og,g)(~x, t) · ~nd~x+

∫

Σ(t)
gΣ(og,g)d~x 9:4;G<

E "3!  *3&$' ! . 73"3' "$3" !$'
∂{(1− Y )φρg}

∂t
+∇ · {(1− Y ) ρg~ug} = g(og,g) +∇ · ~τ(og,g) 9:4;H<

[[

φ (1− Y ) ρg (~vg − ~vΣ)−D(og,g)∇{(1− Y ) ρg}
]]

· ~nΣ = gΣ(og,g) 9:4;I<



 !"! #%&'()*+ ,* -&.&)* ,*. +'+/*0& 12 !" # $# !"$& #'( )! $&*+&#",#
~ug ≡ φ~vg #$ )( -#)!& (  # .('/
~τ(og,g) ≡ D(og,g)∇{(1− Y ) ρg} !''#$0!" # ( )( )#/  # 1&2
D(og,g) #$ #) !#3&#",#  #  &4+$&5" #4#,&-!  # )!$ !,'!$ *($#$ #" )( 4($# *($
g(og,g) ≡ 06 "! 7(/ 4+#",#  # !,'!$ *($(#$
gΣ(og,g) ≡ µogρ

0
(f,s)~vΣ · ~nΣ µog ≡ γog

Mog

Mf
#$ #) !#3&#",# #$,#8+&!9:,'&!  #) !;<*#"! 0#$( ! !"'#$0#,! ( )( 9($(=>",!"#$6 $# !?,&#"# )( #+(&5"  # ?()("#  # 9($(  #) !;<*#"!

φ
∂{(1− Y ) ρg}

∂t
+∇ · {(1− Y ) ρg~ug} = −∇ ·

(

D(og,g)ρg∇Y
) @A=BCDE )( #+(&5"  # $(),! #$

[[

φ (1− Y ) ρg (~vg − ~vΣ) +D(og,g)ρg∇Y
]]

· ~nΣ = µogρ
0
(f,s)~vΣ · ~nΣ @A=FGD !" #

∇{(1− Y )}ρg = (1− Y )∇ρg − ρg∇Y = ρg{(1− Y )∇ρg�ρg −∇Y } = −ρg∇Y

#%&'()*+ ,* -&.&)* ,* *)*345& *) &,& 6&+*>) -&.&)* ,* *)*345&  # )( 6&+* +7.',& #$
Es (t) =

∫

B(t)
(1− φ) ρsesd~x @A=FHD !" # es #$ )( #"#'*<( &",#'"( 0!' +"& (  # 9($(  #) $5)& !=I( #+(&5"  # ?()("# *)!?() #$ #",!"#$

d

dt
Es (t) =

∫

B(t)
Γs(~x, t)d~x+

∫

∂B(t)

~Πs(~x, t) · ~nd~x+

∫

Σ(t)
ΓΣsd~x @A=FBD.# (8+< $# !?,&#"#" )($ #+(&!"#$  # ?()("# )!()



 !"! #%&'()*+ ,* -&.&)* ,*. +'+/*0& 1 
∂

∂t
{(1− φ) ρses}+∇ · ((1− φ) ρses~vs) = Γs +∇ · ~Πs  !"##$

[[(1− φ) ρses (~vs − ~vΣ)− λs∇T ]] · ~nΣ = ΓΣs  !"#!$%&'%( )( &')+%(,- ./(
~Πs ≡ λs∇T () 0- 0(1 %( 2&/,+(,
λs () 0- &'%/3+4+%-% 35,6+- %( 0- 7-)( )80+%-
~vs ≡ 0 () 0- 4(0&+%-% %( 9-,1
Γs ≡ −Q̇h

s () 0- :5,%+%- %( -0&,
ΓΣs ≡ Qsρ

0
(f,s)~vΣ · ~nΣ

Qs () -0&, 0+;(,-%& %(;+%& - 0- ,(-+8' %( &6;/)3+8'<'3&'()= )( &;3+('( 0- (/-+8' %( ;-0-'( %( ('(,>?- %(0 )80+%&
∂

∂t
{(1− φ) ρses} = ∇ · (λs∇T )  !"#@$

∂

∂t
{(1− φ) ρses} = (1− φ) ρs

∂es
∂T

∂T

∂t
+

∂

∂t
{(1− φ) ρs} es  !"#A$

(1− φ) ρscs
∂T

∂t
= ∇ · (λs∇T )  !"#B$%&'%( cs =

∂es
∂T

() 0- -:-+%-% -0&,?C- %(0 )80+%&"D 0- (/-+8' %( )-03& ()
− [[(1− φ) ρses~vΣ + λs∇T ]] · ~nΣ = Qsρ

0
(f,s)~vΣ · ~nΣ  !"#E$<0 -&.&)* ,* *)*234& %( 0- 5&+* 3&+ ()

Eg (t) =

∫

B(t)
φρgegd~x  !"#F$%&'%( eg () ('(,>?- +'3(,'- :&, /'+%-% %( 6-)- %(0 >-)"



 !"! #%&'()*+ ,* -&.&)* ,*. +'+/*0& 11 !"#$#%&' () #+),-$ .# !)()$# /(&!)(
d

dt
Eg (t) =

∫

B(t)
Γg(~x, t)d~x+

∫

∂B(t)

~Πg(~x, t) · ~nd~x+

∫

Σ(t)
ΓΣgd~x 012134

5 &$ 6'") ()' #+),&$#' .# !)()$# (&)( '&$
∂

∂t
(φρgeg) +∇ · (ρgeg~ug) = Γg +∇ · ~Πg 012174

[[φρgeg (~vg − ~vΣ)− λg∇T ]] · ~nΣ = ΓΣg 012184.&$.# '# &$',.#9) :+#
~Πg ≡ λg∇T #' () (#; .# <&+9,#9
λg #' () &$.+",=,.). "69%,) .#( /)'
~ug ≡ φ~vg #' () =#(&,.). .# >)9; .# () ?)'# /)'
Γg ≡ −Q̇h

g

ΓΣg ≡ Qgρ
0
(f,s)~vΣ · ~nΣ

Qg #' #( )(&9 (,!#9).& .#!,.& ) () 9#),-$ .# &%!+'",-$
Q̇h

g #' () @69.,.) .# )(&9A$"&$#'B '# &!",#$# () #+),-$ .# !)()$# .# #$#9/C) .#( /)'
∂

∂t
(φρgeg) +∇ · (ρgeg~ug) = ∇ · (λg∇T )− Q̇h

g 0121D4& !,#$B
∂
∂t

(φρg) eg +
∂eg
∂T

∂T
∂t

(φρg) +∇ · (ρg~ug) eg +∇eg · (ρg~ug)

=
{

∂
∂t

(φρg) +∇ · (ρg~ug)
}

eg +
∂eg
∂T

∂T
∂t

(φρg) +
∂eg
∂T

∇T · (ρg~ug)
012114

E&%&B φ∂ρg
∂t

+∇ · (ρg~ug) = 0B F$)(%#$"# 9#'+(")
cgφρg

∂T

∂t
+ cgρg~ug · ∇T = ∇ · (λg∇T )− Q̇h

g 0121G4



 !"! #$%&'$( )$* %+%,$'- )$ $&-+/($% )$* '/)$*/ 01
 !" # cg =

∂eg
∂T

#$ %& &(&) & &%!*+,&  #% -&$./ %& #0&)1"  # $&%2! #$
[[φρgeg (~vg − ~vΣ)− λg∇T ]] · ~nΣ = Qgρ

0
(f,s)~vΣ · ~nΣ 34.4562-*-($ )$ $($345- ,/,-*708&" ! #% 9&%&"#  # #"#*-+&  # %&$  !$ :&$#$ #" %&$ #0&)!"#$ 3 4.;<6 = 3 4.4>6 2#"#8!$?

(1− φ) ρscs
∂T

∂t
+ cgφρg

∂T

∂t
+ cgρg~ug · ∇T = ∇ · (λ∇T )− Q̇h 34.4<6

 !" # λ = λs + λg #$ %& !" 02)@) & 2A*8)& #:#2)@& B0# )"%0=# %!$ #:#2!$  #% -&$ = #% $1%) !. Q = Qs +Qg 0&"2),& 2! ! #% &%!* -#"#*& !  0*&"2# %& *#&)1"  # !890$2)1" =
Q̇h = Q̇h

s + Q̇h
g *#(*#$#"2& 2! ! #% &%!*  )$)(& ! (!* #% $)$2#8&.C #8D$ %& #0&)1"  # $&%2! #$
[[φρgeg~vg − {(1− φ) ρses + φρgeg}~vΣ − λ∇T ]] · ~nΣ = Qρ0(f,s)~vΣ · ~nΣ 34.4E67) $# 2!8& %& &(*!F)8&)1" %)"#&% eα = cαT %& #0&)1" &"2#*)!* $# (0# # *#$*)9)* !8!

[[{φρgcg~vg − ((1− φ) ρscs + φρgcg)~vΣ}T − λ∇T ]] · ~nΣ = Qρ0(f,s)~vΣ · ~nΣ 34.4G6 !"! #$%&'$( )$* %+%,$'- )$ $&-+/($% )$* '/)$*/2-*-($ )$ '-%- )$ *- 3/-
ρ(r,s) = const
[[

ρ(r,s)
]]

= 0
34.>H6

2-*-($ )$ '-%- )$* /'6&%,+6*$



 !"! #$%&'$( )$* %+%,$'- )$ $&-+/($% )$* '/)$*/ 01
∂η

∂t
= 0

[[η]] = −1  !"#$%&' () +,- (' ./( ,( -0,/0( 1-2- () -03/,143)("2-*-($ )$ '-%- )$* /345$(/
φ
∂(Y ρg)

∂t
−∇ ·

(

D(ox,g)ρg∇Y
)

+∇ · (Y ρg~ug) = 0
[[

φY ρg (~vg − ~vΣ)−D(ox,g)∇ (Y ρg)
]]

· ~n = −µoxρ
0
(f,s)~vΣ · ~nΣ

 !"#5%
2-*-($ )$ '-%- )$ /,6/% 5-%$%

φ ∂
∂t

{(1− Y ) ρg}+∇ ·
(

D(og,g)ρg∇Y
)

+∇ · {(1− Y ) ρg~ug} = 0

[[

φ (1− Y ) ρg (~vg − ~vΣ) +D(og,g)ρg∇Y
]]

· ~nΣ = µogρ
0
(f,s)~vΣ · ~nΣ

 !"#6%
2-*-($ )$ '-%- )$ *- 7-%$ 5-%

φ
∂ρg
∂t

+∇ · (ρg~ug) = 0

[[φρg (~vg − ~vΣ)]] · ~n = µgρ
0
(f,s)~vΣ · ~n

 !"#!%
2-*-($ )$ $($654-

(1− φ) ρscs
∂T
∂t

−∇ · (λ∇T ) + cgρg~ug · ∇T = −Q̇h

[[{φρgcg~vg − ((1− φ) ρscs + φρgcg)~vΣ}T − λ∇T ]] · ~nΣ = Qρ0(f,s)~vΣ · ~nΣ

 !"##%
7'89'41+,:

η; Y ; ρg (T, pg); T ; pg; ~vg; ~vΣ"



 !"! #$%&'$( )$* %+%,$'- )$ $&-+/($% )$* '/)$*/ 01 !" # η (~x, t) = 1 − ρf/ρ
0
f $ #" #% '(! #" )*# η = 0$ #(+' ! ,",,'%$ -ρf = ρ0f ./ 0 1,#" #" #% '(!#" )*# η = 1$ !21*(+,3" !24%#+'  #% !21*(+,1%#$ -ρf = 0./
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 !"#$%'   !"!# " $!%&!'(#
~U & () ,)( -'0/+8' '( C,23& '0 ,!) .,!+B! (+!')( -'( 4/)-+'!7' -' () A/'0+B! '! ),0'!+)-' 4/)D'-)-:  ! 4'!'/)( '07) ('6 0' 'IA/'0) '! A/'0'!+) -' 4/)D'-)- 393J

~U = −
1

µ
| k | ·(∇p− ρ~g) KH:"L-3!-'

~g M '0 '( D'73/ -' )'('/)+B! -' () 4/)D'-)-
µ M '0 () D+030+-)- -+!G9+) -'( C,+-3
k M '0 '( 7'!03/ -' A'/9')8+(+-)- +!7/>!0')
p M '0 () A/'0+B! -'( C,+-3
~U = φ~v M '0 () D'(3+-)- -' 1)/6 <,' 0' -'@!' 393 '( 4)073 D3(,9=7/+3 A3/ ,!+-)- -' G/')
v M '0 () D'(3+-)- -'( C,+-3
φ M '0 () A3/30+-)- -'( 9'-+3N+ 3!0+-'/)930 az 393 () )(7,/) /'0A'73 ) ,! !+D'( -' /'.'/'!+) -)-3& '!73!'0 '( D'73/)'('/)+B! -' () 4/)D'-)- 0' A,'-' 'IA/'0)/ 393J

~g = −g∇z KH:OL6 3!0','!7'9'!7' '07) ('6 0' A,'-' /'0/+8+/ 393%"



 !"!# " $!%&!'(#  !
~U = −

1

µ
| k | ·(∇p+ ρg∇z) )*+,-.%/.! 0 1 !# 2( '(0/3$4. .!2 5!$%& (!2!&(37/ .! 2( 0&(5!.(.+


un,x = −D

∂c

∂x
)*+N-#3!/.% O !2 %!P3!/$! .! .3:4#37/ .! 2( !#G!3! .! %/!/$&(37/ + F/ !2 (#% G(&$342(& .!2(2%&; 2( 2!" .! 839 #! %/%! %'% 2!" .! 8%4&3!&+

 !+! #$% &$ ,-./01 ( 2!" .! 2(# G&!#3%/!# G(&3(2!#; %/%3.( $('<3B/ %'% 2!" .! O(2$%/; :4B :%&'42(.( !/ !2(Q% CDR, G%& !2 :=#3%; >4='3% " '($!'K$3% <&3$K/3% S%A/ O(2$%/+ F#$(<2!! >4! 2( G&!#37/.! 4/( '!J2( .! 0(#!#; >4! /% &!(3%/(/ >4='3('!/$!; !# 304(2 ( 2( #4'( .! 2(# G&!#3%/!#



 !"!# " $!%&!'(#  !)(&+(,!# -.! !/!&!&0( (1( .2% 1! !,,%# #+ #%,% .2% %.)(#! $%1% !, 3%,.'!2 1! ,( '!4,(5 #+2('6+(& ,( $!')!&($.&(782$%2!# ,( )&!#+92 -.! !/!&! .2 %')%2!2$! 1!$!&'+2(1% 1! .2( '!4,( 1! :(#!# #! ,,('()&!#+92 )(&+(, 1!, %')%2!2$!7  (# )&!#+%2!# )(&+(,!# #! (,.,(2 (),+(21% ,( ,!" 1! ,%# :(#!#+1!(,!# ( (1( %')%2!2$!7 ;#0 ,( )&!#+92 )(&+(, Pc )(&( .2 %')%2!2$! %2#+#$! !2 nc '%,!#( ,( $!')!&($.&( T !2 !, 3%,.'!2 V 5 #+!21% R ,( %2#$(2$! .2+3!&#(, 1! ,%# :(#!# +1!(,!#5 !#$<1(1( )%& ,( !=)&!#+92
Pc =

ncRT

V
>;7?@A! ).!1! (,.,(& ,( )&!#+92 )(&+(, 1! (1( %')%2!2$!5 #+ #! %2%! !, 2B'!&% 1! '%,!# 1!(1( .2% 1! ,%# :(#!# -.! #! !2.!2$&(2 !2 ,( '!4,( !2!&&(1( !2 .2 3%,.'!2 1!$!&'+2(1% " (.2( $!')!&($.&( 1(1(7 C!6+1% ( -.! ,(# )(&$0.,(# 1! (1( :(# %')%2!2$! #! %21.!2 1! .2(D%&'( 1+D!&!2$!5 ,( )&!#+92 $%$(, -.! !/!&4( ,( '!4,( #!&< !, &!#.,$(1% 1! $%1(# ,(# )(&$0.,(#7 A!!#$(6,!! -.! ,( )&!#+92 $%$(, 1! .2( '!4,( 1! :(#!# !# +:.(, ( ,( #.'( 1! ,(# )&!#+%2!# )(&+(,!#1! ,%# :(#!# +21+3+1.(,!#7 ;#0 ).!#

Ptotal =

n
∑

i=1

Pi =

n
∑

i=1

niRT

V
>;7E@A+!21% ni !, 2B'!&% 1! '%,!# 1!, %')%2!2$! i 1! ,( '!4,(7



 !"#$%' (  !"$%&!' ()*+$"'
℄< #" #%*" /0" "+ 3-."#. ," .4',%'(! ," +.# )',-.%-*0-.# 3%-% 3-.9,0'- 2.!(4',. ," %-*.!.< *'(4',. ," %-*.!. 5 %70%< *6#'%2"!$" #'70" ,.# -0$%# ," .4',%'(!:

M'70-% N:OP Q0$% ," -"%'(!RK



 !"$%&!' ()*+$"'  !," -.$+!." .)/" !'/0 1"1" -%. 2" /."3!/%.$" ()! 4" 1! 1 → 15 4!. 67)." 89:; !2 %+<)'/$<2!
CHx '! %=$7!&" -"." >%.+". 2%' %+-)!'/%' -%2".!' CHxOy 3 !'/%' '! %=$1"& -%'/!.$%.+!&/!-"." %</!&!. !2 -.%1)/% ()! &%' $&/!.!'"9?& 2" '!7)&1" .)/" 1! 2" .!"$@&5 !2 %+<)'/$<2! '! %=$1" -"." >%.+". 1! +"&!." 1$.!/"+%&@=$1% 1! ".<%&%5 <$@=$1% 1! ".<%&% 3 "7)"5 !' 2".% ()! !'/"' 1%' .!"$%&!' %)..!& "/!+-!."/)."' 1$>!.!&/!'9 ?& 3"$+$!&/%' %& A$1.%".<).%' -!'"1%'5 !2 >.!&/! 1! %=$1"$@& -)!1!"2"&B". /!+-!."/)."' A"'/" 1! CDD◦ E 3 2"' .!"$%&!' 1! %=$1"$@& '$7)!& 2" .)/" 1 → 1′5 2".)/" F % "+<"' '$+)2/0&!"+!&/!9 ?& /"&/% ()! !& 2%' 3"$+$!&/%' %& A$1.%".<).%' 2$7!.%'5 2"'/!+-!."/)."' /*-$"' ()! "2"&B" !2 >.!&/! 1! %=$1"$@& '%& 1! FDD◦E " GDD◦℄ '! .!-%./" ()!5 -"." "!$/! 2$7!.%5 2%' &T2!%' %&'%2$1"1%' -)!1!& /!&!.-!.+!"<$2$1"1!' 1! A"'/" :D+1 5 2"' -.!'$%&!' ()! 1!<! .!'$'/$. !2 /)<% 1! %+<)'/$@& '%& 1!A"'/" GD UV"W 3 1!<! 1! .!'$'/$. /!+-!."/)."' 1! A"'/" XDD◦E9  ! "#$%#!&'(')!) #* #( +',-#%! ./-$'1 2#'%!( ,# %')# #* cm23 4* #,-! ,#'5* ,# 6!# 7,1 )# (! 7*')!))#$'8!)! )# (!  #9 )# 2!$9: (! 7!( ,# )#*1%'*! )!$9 9 6!&'-7!(%#*-# ,# 7-'(';! #( %'(')!$9 <7# ,# )#*1-!1%1 md: #<7'8!(#*'!= 1 )!$9 = 9.86923 × 10

−13m23 > ,7 8#;: #( "!,!( )# ,?%&1(1 @! #, (! 7*')!) )# "$#,'5*)#( +',-#%! A*-#$*!'1*!( )# B*')!)#, 9 ,# )#C*# 1%1 (! "$#,'5* <7# #D#$# 7*! E7#$;! )# F *#G-1* ,1&$# 7*!,7"#$C'# )# F %#-$1 7!)$!)1 *1$%!( ! (! %',%!: #<7'8!(#*'!= 1@! =
kg

ms2



 !"$%&!' ()*+$"'   !"#$% &%$'(*'$ &$% $+*'"*,- '. "#/" /.0&.%"/(%" 12 3456◦!7,)-"&.! )& /-%!'% 0! %1$0"$2& $&3'$.) !4 %&')+% 0! %1*5!&% %)--! /-$&$/"4+!&.! !& 4"6%&" 0! "4." .!+/!-".)-" 0%&0! /-!0%+$&"& 4"' -!"$%&!' 0! %+7)'.$2& %+/4!." ! $&%+/4!3."8 ')/%&$!&0% ()! !4 %+7)'.$74! %1$0"0% '%4% %&.$!&! "-7%&% ! 9$0-25!&%8 : 0!;&$!&0%8 7"<%!'."' %&0$$%&!'8 !4 %$!&.! ".2+$% x = H
C
0!4 %+7)'.$74! ()!+"0% : !4 %$!&.! =%4)+>.-$%

β = CO
CO2

0! 4%' 5"'!' /-%0)$0%'8 4" !'.!()$%+!.-*" 0!4 /-%!'% 0! %+7)'.$2& 0! "4." .!+/!-"3.)-" !' %+% '$5)!?
CHx +

(

2 + β

2(1 + β)
+

x

4

)

O2 →
1

1 + β
CO2 +

1

1 + β
CO +

x

2
H2O @ABCD

E.-" +"&!-" 0! !'-$7$- !'." !)"$2& !' 4" '$5)$!&.!?
CHx + (1− 0.5m′ + 0.25x)O2 → (1−m′)CO2 +m′CO +

x

2
H2O @ABFD!& !'." !1/-!'$2&8 x !' !4 &G+!-% /-%+!0$% 0! H.%+%' 0! 9$0-25!&% /%- H.%+% 0! "-7%&%8 %3&%$0% %+% !4 %$!&.! H

C
8 : m′ !' 4" -"62& 0! +%4!' 0! CO " CO2BI! 0!7! +!&$%&"- ()! &% '! %&'$0!-2 !4 %&.!&$0% 0! ')4J)-%8 &$.-25!&% : %1*5!&% !& !4%+7)'.$74!B K4 &G+!-% /-%+!0$% 0! H.%+%' 0! 9$0-25!&% /%- H.%+% 0! "-7%&%8 x 8 '! "4)4":" '!" /%- )& "&H4$'$' !4!+!&."4 0!4 %+7)'.$74! @/%- !<!+/4%8 %& )&" +)!'.-" 0! %()! ()! '!.%+! !-"&" "4 J-!&.! 0! %+7)'.$2&D % 0! )& 7"4"&! 0! +".!-$" 0! 4" J"'! 0! 5"' 0! 4" 6%&"0! %+7)'.$2& 0! "4." .!+/!-".)-"B I$& !+7"-5%8 "+7%' +>.%0%' '%& 7"'."&.! 0$J*$4!' 0! 44!="-" "7% !& "+/%8 :" ()! 4%' !'.)0$%' '! 9"!& !& 4%' 5"'!' 0! 4%' /%6%' /-%0).%-!'BL%+% !& "45)&"' -!5$%&!' 0!4 :"$+$!&.% '! -!"4$6"& 4%' /-%!'%' 0! %1$0"$2& 0! 7"<" .!+3/!-".)-"8 !4 ="4%- 54%7"4 ()! '! %7.!&5" /"-" x 0! )& "&H4$'$' 0! 5"'!' '!-H +H' 5-"&0! ()! !40!7$0% G&$"+!&.! " )&" -!"$2& 0! "4." .!+/!-".)-"B M%- !'.! +%.$=% !' +!<%- ).$4$6"- !4 ="4%-0! x ()! '! %7.$!&! !& !4 4"7%-".%-$%B



 !"$%&!' ()*+$"'  !,')"-+!&.! '! /"! )& "&0-$'$' 1! -%' 23$1%' 1! "45%&% 64%1)$1%' 7 1!- %3*8!&% -$54! 6"4"1!.!4+$&"4 ()! .$6% 7 ()! "&.$1"1 1! %+5)'.$5-! '! !'.0 ()!+"&1%9:- %$!&.! H
C
1!- %+5)'.$5-! ()!+"1% '! 6)!1! !364!'"4 %+% )&" 4";2& ".2+$" % %+%)&" 4";2& +%-"49 :'.%' 0-)-%' 4!()$!4!& 1! )& 5"-"&! 1! +".!4$" +)7 )$1"1%'% !& !- %&.!&$1%1! O2< H2 7 C 64!'!&.!' !& !- '$'.!+" 4!".$=%9 >$ &% '! $&-)7!& !& !- 0-)-% -%' !?!.%' 1!-%3*8!&% ()! %&.$!&! !- 4)1% 7 -"' %&.4$5)$%&!' 1!- %&.!&$1% +$&!4"-< !& !'.! "'%< η !' !-%$!&.! +%-"4 1!- %3*8!&% .%."- ()! 4!"$%&2 6"4" ?%4+"4 !- 5$%3$1% 1! "45%&% 8!&!4"1% 7 '!"-)-" 1! )& 5"-"&! 1! %3*8!&% '!&$--% 7 1! -" /$62.!'$' 1! ()! &% /"7 ")+)-"$2& 1! !'.%'8"'!' !& !- '$'.!+"@

η =
8"'.% 1! O2 %&')+$1%8"'.% 1! CO2 64%1)$1% =

0.21ia − q cO2P

q cCO2P
AB9CD!& !'." !364!'$2&< E9FG !' -" ?4"$2& +%-"4 1!- %&.!&$1% 1! %3*8!&% !& !- "$4!< ia !' -" ."'" 1!$&7!$2& 1! "$4!< q !' -" .";" 1! 64%1)$2& 1! 8"'< -" %&!&.4"$2& 1! -" ?4"$2& +%-"4 1!-8"' 1! '"-$1" 64%1)$1% !'< 6"4" !- %3*8!&% cO2P < 6"4" !- 5$23$1% 1! "45%&% cCO2P 7 6"4" !-&$.428!&% cN2

9:- 4!'.% 1!- "$4! $&7!."1% !' 50'$"+!&.! &$.428!&% 7 "482&< ()! '%& 8"'!' $&!4.!'< !&.%&!'
0.79ia = qcN2

AB9HDI%& !'."' /$62.!'$' '! %5.$!&! ()! !- !()$="-!&.! 1!- %$!&.! ".2+$% H
C
1!- %+5)'.$5-!%3$1"1% !'@

x = 4(1−m′)

(

0.27cN2
− cO2

cCO2

)

+ 2m′ − 4 AB9JD
K%' ="-%4!' .*6$%' 1! x '%& !&.4! G 7 F< ."&.% !& !- -"5%4".%4$% %+% !& -"' 64)!5"' 1! "+6%9K%' ="-%4!' 4!-".$="+!&.! 6!()!L%' '%& 6"4" 4!"$%&!' 1! %3$1"$2& 1! "-." .!+6!4".)4" 7 '!$&4!+!&."& %&?%4+! ")+!&."& -"' %&.4$5)$%&!' 1! )&" 4!"$2& 1! %3$1"$2& 1! 5"M" .!+N6!4".)4"9 K%' ="-%4!' .*6$%' 1! m′ 6"4!!& !'."4 4!-"$%&"1%' "- .$6% 1! %3$1"$2& ()! '! !'."
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mR =

1− φ

1− φE
mE BC;DE.%&.! mE !' ," +"'" .!, %+/)'1$/,! ()!+".% >%8 )&$.". .! /),1% .! -%,)+!& .! ," +)!'18"!9>!8$+!&1",;F, >!185,!% '"1)8".% !()$-",!&1! '! >)!.! ",),"8 !& 7)&$5& .!, %+/)'1$/,! ()!+".%A

S0F =
mR

φρ0

BC;GE.%&.! ρ0 !' ," .!&'$.". .!, >!185,!%;2" "&1$.". .! ":)" :!&!8"." !& !, >8%!'% .! %+/)'1$5& '! >)!.! ",),"8 .! ," !'1!()$%H+!18*" .! ," 8!"$5& .! 6340 !9>8!'"." %+% !, ":)" .! '"1)8"$5& !()$-",!&1! !& ," I%&"()!+"."0 ? !'1" ."." %+%
SwF

=
0.319xaR

(4− 2m′ + x)φ
BC;JE

.%&.! aR !' !, -%,)+!& .! "$8! !& %&.$$%&!' !'1@&."8 ()! '! 8!()$8$5 >"8" %9$."8 %+>,!1"+!&H1! )& -%,)+!& )&$1"8$% .! ?"$+$!&1% !& +$,!' .! >$!' K/$%' !'1@&."8 B'7E >%8 >$! K/$%B) 71E;"#$%&'( )' *+,' ,'-%',+)# .#, %(+)*) )' /#$%&'( )' #&1%23+1$'F, -%,)+!& .! "$8! ()! '! 8!()$!8! >"8" ()!+"8 L ,/+ .! %+/)'1$/,! '! >)!.! ",),"8 .! ,"!)"$5& !'1!()$%+M18$" >"8" ," 8!"$5& .! %+/)'1$5&0 '$ %&%!+%' x = H
C
0 .!, %+/)'1$/,!()!+".%; N! ")!8.% %& !'1" !)"$5&0 !, &K+!8% .! +%,!' .! %9*:!&% ()! 8!"$%&"& %& )&  !"#$ %$&$
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aR = 103Mscf/scf

451mR

12 + x
(4− 2m′ + x)scf/cuft FG39H!& !'/" !A12!'$I&< mR !' !, %+.)'/$.,! ()!+"-% 1%2 )&$-"- -! .),/% -!, C%,)+!& -!, ="$J+$!&/% +!-$-% !& ,.+K) ;/3L, 1"20+!/2% aR !' )&% -! ,%' +0' $+1%2/"&/!' = ') C",%2 ";!/" !, -$'!M% = !, 0,),%!%&I+$% -!, 12%=!/% -! $&=!$I& -! "$2!3L, "$2! aR∗ ()! '! 2!()$!2! %&')+$2 )"&-% 1"'" " /2"CN' -! )&" )&$-"- -! .),/% !'/0 -"-%1%2E

aR
∗ =

[

(aR + 103Mscf/cuft)

(

Tsc,ab

Tab

)(

Pinj,ab

Ps,ab

)

φ

]

1

EO2

FG3>6H!& !'/" !A12!'$I& psc = Tsc '%& ," 12!'$I& 1"2$", = ," /!+1!2"/)2" !& %&-$$%&!' !'/0&-"2<+$!&/2"' ()! !, ').*&-$! ab -!&%/" !, C",%2 ".'%,)/% = EO2
!' !, %&')+% -! %A*5!&% % ,"!O$!&$" !& )/$,$P"$I&3 L& ")'!&$" -! )&" $&;%2+"$I& +!Q%2< !, %$!&/! -! /!+1!2"/)2"' '!"12%A$+" 1%2 63R3
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